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The thesis work presented herein deals with calculations of inclusive B meson decays,
with the aim of improving extractions of the Standard Model parameters |Vcb|, |Vub| and
mb. In the first chapter, we review the theoretical structure of the Standard Model
and its experimental status. In the following chapter we discuss the general theoretical
framework used in the study of inclusive decays.
The inclusive decay spectra of B¯ → Xc ℓ ν¯ allow the CKM element |Vcb|, and the b
quark mass mb, to be determined from experiment. Calculations of these decays pa-
rameterize the nonperturbative physics of the B meson is in a series of nonperturbative
parameters through an expansion in the ratio ΛQCD/mb. In the third chapter, the gen-
eral moment method developed to improve the determination of these nonperturbative
parameters, and examine the assumption of negligible Quark-Hadron duality violation in
these decays, is outlined. The lepton energy spectra and hadronic invariant mass spectra
of B¯ → Xc ℓ ν¯ are then examined with this approach.
We also present the O(αs) correction to the hadronic tensor for B¯ → Xc ℓ ν¯ de-
cay spectra, determining the lepton energy cut dependence of the O(αsΛQCD/mb) term.
These results were used in a general fit to B decay shape variables; the results of this
investigation are reported.
The inclusive decay spectra of B¯ → Xuℓν¯ℓ, used to extract |Vub|, can also be exam-
ined in a nonperturbative expansion of ΛQCD/mb. In the final chapter, we examine the
anomalous dimension matrix of the subleading operators characterizing the phase space
ii
restricted B¯ → Xuℓν¯ℓ and B¯ → Xsγ decay spectra. Operator mixing is found between
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1.1 The Standard Model
There are four fundamental forces known to exist in nature. The gravitational force
is described by General Relativity and is outside of the theoretical framework of the
Standard Model. The remaining three forces, the strong, electromagnetic and weak
forces are described by the Standard Model of particle physics, a gauge quantum field
theory based on the gauge group SU (3)colour × SU (2)L ×U (1)Y.
The Standard Model successfully describes the known, non gravitational, interac-
tions and particles observed to exist up to the energy scale of several hundred GeV. The
strong force is described by Quantum Chromodynamics (QCD), with gauge group SU (3)
describing the interactions due to the colour charge assigned to quark fields [1]. The elec-
tromagnetic and weak forces are described as aspects of the low energy theory of a single
electroweak force [2] of broken gauge symmetry SU (2)L×U (1)Y, that acts on the quark
fields as well as fields with no colour charge, the lepton fields. Electroweak symmetry is
broken at approximately the TeV renormalization scale, with the SU (2)L ×U (1)Y sym-
metry spontaneously broken down to a single U (1)Q symmetry, whose conserved charge
(Q) is the electric charge. This is accomplished in the Standard Model by including the
1
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Leptons Quarks
Flavour Mass Charge Flavour Mass Charge
νe ≤ 3× 10−9 0 u 0.0015→ 0.004 2/3
e 5.110× 10−4 -1 d 0.004→ 0.008 -1/3
νµ ≤ 1.9× 10−4 0 c 1.15→ 1.35 2/3
µ 0.1057 -1 s 0.08→ 0.13 -1/3
ντ ≤ 0.018 0 t 169.2→ 179.4 2/3
τ 1.776 -1 b 4.6→ 4.9 -1/3
Table 1.1: Fermionic matter fields of the Standard Model after spontaneous breaking of
electroweak symmetry. The mass is in units of GeV (in this thesis we use c = h = 1)
and the charge is in multiples of the electric charge carried by the electron. The masses
are given to illustrate the range of mass values in the Standard Model, the range quoted
is the mass range quoted in the PDG, where details on the mass determinations and
uncertainties can be found [4].
spin zero Higgs doublet (H) [3].
The quark and lepton fields are fermionic fields of spin 1/2. The interactions of these
fields are described by their coupling to the spin 1 gauge bosons of the gauge groups.
There are 8 gauge bosons in QCD, the gluons (g). The gauge field associated with the
remaining conserved charge of spontaneously broken electroweak theory is the photon
(A), while the remaining gauge bosons of the theory are the neutral Z0 and the charged
W±. The Z0 and W± are massive as a consequence of electroweak symmetry breaking.
The Standard Model has a number of features that demand further explanation or
are experimentally undetermined. For example, the origin and reason for the three
generations of matter fields in the Standard Model is unknown, and the mechanism of
Chapter 1. Introduction 3
Spin-1 Spin-0
Broken SU (2)× U (1) SU (3) Octet Higgs Boson
Z0 W+ W− A g H0
0 +1 -1 0 0 0
91.188 ± 0.002 80.425 ± 0.038 80.425 ± 0.038 0 0 ≥ 114.4
Table 1.2: Bosonic fields of the Standard Model after spontaneous breaking of electroweak
symmetry. The multiples of the electric charge and the PDG mass in GeV is listed in
the final 2 rows.
electroweak symmetry breaking is experimentally undetermined. The Standard Model
also has a hierarchy of particle masses, the approximate values of which are given in
the proceeding tables. These masses range from the lightest neutrino mass to the top
quark mass of ≈ 174GeV, a range of 10 orders of magnitude. This mass pattern has no
explanation within the Standard Model. Explicit mass terms are forbidden by the sym-
metry structure of unbroken SU (3)colour×SU (2)L×U (1)Y, and the origin of these masses
is postulated to arise from Yukawa couplings to the Higgs after electroweak symmetry
breaking. The existence of the Higgs field is expected to be manifested by the existence
of at least one neutral spin zero Higgs boson; however no such boson has been observed
to date. The search for the Higgs forms part of the motivation behind the construction
of the LHC, where a direct physics search for the Higgs will begin in 2007.
The low energy electroweak sector can also be examined in indirect ways. Diagonal-
izing the mass matrix induced by the Higgs in the flavour basis requires that the two
components of the SU (2)L doublet be transformed differently. The product of these uni-
tary transformations is given by the Cabbibo-Kobayashi-Maskawa (CKM) matrix in the
Standard Model. As such, the CKM matrix represents the overlap between mass and
Chapter 1. Introduction 4
weak eigenstates. If the Higgs mechanism, and simple Yukawa couplings to the Higgs
field is the origin of the mass eigenstates, as in the Standard Model, then the CKM ma-
trix is expected to be unitary and independent extractions of the individual elements of
the CKM matrix should lead to consistent results. If however the flavor sector is affected
by new physics, then the CKM matrix could be found to be non-unitary and independent
extractions of its elements could be inconsistent with the Standard Model description.
In this way, by examining the properties of the CKM matrix, through the investigation
of various weak decays, we examine the assumptions underlying the theoretical structure
of the Standard Model.
This thesis is motivated, in part, by the prospect of improving measurements of
the b quark mass and the CKM elements |Vcb| and |Vub|, by improving the theoretical
description of semileptonic inclusive decays. In the following sections, we examine the
electroweak sector with emphasis on the CKM matrix and then discuss QCD.
1.2 Electroweak Theory
The matter fields of the Standard Model are chiral fields, where the left and right handed
fields are defined by the left and right handed projectors PL = (1 − γ5)/2 and PR =

















where the index i runs from 1 to 3 and represents the three generations of the Standard
Model matter fields. The matter fields have the following right handed fields in the






The recent discovery of neutrino masses could be incorporated in the Standard Model
by simply adding a set of right handed neutrino singlet fields νiR, or the neutrino masses
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could have a more complicated origin than the masses of the other fields in the Standard
Model [5]. We restrict our attention to the above fields and their Yukawa couplings
to the Higgs, which generate Dirac masses. These couplings are given by the following
Lagrangian density and its Hermitian conjugate:
LY ukawa = −gi,ju u¯iR 〈H0〉 ujL − gi,jd d¯iR 〈H0〉 djL − gi,je e¯iR 〈H0〉 ejL. (1.3)
In the Standard Model, the Higgs potential has the simple form, V (H) = λ(H†H −
v2/2)2/4. Using the SU (2)L ×U (1)Y symmetry to rotate the resulting minimum expec-
tation value, one determines that in the ground state of the theory 〈H0〉 = v/√2. The
above couplings then induce a set of 3 × 3 mass matrices for the quarks and leptons.
Diagonalizing these matrices in the flavor basis, by applying the unitary transformations








U †u Ud d′L
)
. (1.4)
This mixing matrix acting on the charge −1/3 quarks is the CKM matrix [6], labeled as
VCKM = U †u Ud. Expressing the Standard Model Lagrangian in terms of the prime fields
(the flavor basis) leaves the kinetic energy terms for the quarks, the couplings to the Z0
boson and the photon couplings unaffected. Flavour changing currents are confined, at












L,j + h.c. (1.5)
As such, the elements of the CKMmatrix determine the magnitude of the charged current
decay rates of the quarks and can be determined by measuring various decay rates of
mesons and baryons.
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1.2.1 The CKM Sector








where the entries of the matrix are complex numbers requiring a total of 2(32) real
parameters to completely characterize the matrix. Unitarity, when assumed, imposes 32
constraints. The freedom to rotate the relative complex phases of the quark fields removes
5 further parameters. This leaves 4 parameters to specify the entries in the matrix.
These parameters can be chosen to be three angles and a phase. In the Wolfenstein
parameterization [7], the four parameters are denoted λ,A, η and ρ and the matrix is




1− λ2/2 λ Aλ3(ρ− iη)
−λ 1− λ2/2 Aλ2




This representation emphasizes the hierarchy in the sizes of the matrix elements. The
Wolfenstein parameters are determined from experiment to be λ ≡ 0.2229 ± 0.0022 [8]
and
0.79 ≤ A ≤ 0.87,
0.11 ≤ ρ(1−λ2/2) ≤ 0.23, (1.8)
0.32 ≤ η(1−λ2/2) ≤ 0.40,
where the last three parameters quoted range is their 68% confidence level range from a
recent fit [9].
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The existence of the remaining complex phase of the CKM matrix induces a simulta-
neous violation of charge conjugation (C) and parity symmetry (P). The violation of CP
in the Standard Model, a phenomenon first observed in the pattern of weak decays in the
kaon sector [10], is significant phenomenologically. As we live in a universe with a sig-
nificant Baryon asymmetry and physics at high energies would lead to equal amounts of
matter and antimatter at early cosmological times, unless sources of CP violation affect
baryogenesis [11]. The degree to which the CP asymmetry encoded in the CKM matrix
contributes to the matter antimatter asymmetry observed in the universe was important
to determine.
As a first step in this determination, the description of CP violation in the standard
model needed to be systematically investigated. A basic observation on the Standard
Model description, is that CP violation in the kaon sector, when described by a single
complex phase in the CKM matrix, requires CP violation to be present in the B meson
system. This observation formed part of the motivation for the construction of the B
factories, where the properties of the CKM matrix accessible through B meson decays are
being examined. Recently the B factories have confirmed the existence of CP violation
in the B meson system [12, 13].
More precise investigations of the flavor sector of the Standard Model involve investigat-
ing the consistency of the Standard Model description of the B meson system. Indepen-
dent extractions of elements of the CKM matrix should be consistent, and the pattern
of values found should determine the matrix to be unitary, with one complex phase.
Unitarity implies the following relationship amongst the entries of the CKM matrix
Vud V
⋆
ub + Vcd V
⋆
cb + Vtd V
⋆
tb = 0, (1.9)
which can be represented graphically in the complex plane as the Unitarity Triangle in
Fig. 1.1.
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γ












Figure 1.1: A unitarity triangle representing the expected relationship between the CKM
elements if the matrix is unitary.
The extraction of the angle β from the study of B¯ → J/ΨKs by the B factories has
determined [14]
sin (2β) = 0.736± 0.048. (1.10)
This accurate measurement of sin (2β) combined with precise extractions of |Vcb| and
|Vub| can be combined with measurements of other CKM elements to test the consistency
of the unitarity triangle. To extract these CKM elements with high precision requires
that the effects of QCD be well understood in the weak decays proportional to these
elements. We now turn our attention to QCD, focusing on the features of QCD relevant
to the study of B decays.
1.3 Quantum Chromodynamics
Quantum Chromodynamics [1] is the nonabelian SU (3) gauge theory that describes the
interactions of quarks and gluons in the Standard Model. We first define QCD and then
examine its relevant properties for the study of B meson decays. The QCD Lagrange
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µ ν + q¯
(a)
j (iD/−mj)q(a)j , (1.11)
where each quark field is represented as q
(a)
j and the gluon field strength is given by
Gµνa . The flavour assignment is labeled by the index j which takes on six values so
that q
(a)
j = {ua, da, ca, sa, ba, ta}, and the colour charge is labeled by a = {1, 2, 3}. The
quarks and antiquarks are identified with the 3 and 3∗ representations of SU (3) while
the gluons are assigned to the 8 fundamental representation. To maintain local SU (3)
gauge invariance, the covariant derivative D/ is used in LQCD, requiring the introduction
of the gluon gauge field Aaµ:





where the Ta are the SU(3) group generators. The commutator of the generators is
proportional to the antisymmetric structure constant of SU(3), fa b c,
[Ta, Tb] = 2ifa b cT
c. (1.13)
The gluon field strength in LQCD is expressed in terms of the structure constant, the
gauge field, and the coupling constant of quarks and gluons gs,
Gµνa = ∂
µAνa − ∂ν Aµa − gsfa b cAµb Aνc . (1.14)
An essential feature dictating the phenomenology of QCD is that the coupling constant


















where nj is the number of flavors at or below the renormalization scale µ. This feature of
QCD, that the coupling strength decreases at large µ or short distances, and increases at
large distances is known as asymptotic freedom [1]. It results in nonperturbative effects
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setting β0 = 11 − 2nf/3 and g2s(µ)/(4 π) = αs(µ). ΛQCD is the scale at which the
theory becomes strongly coupled and perturbation theory fails to be valid. Experimental
measurements of the running of αs(µ) indicate that ΛQCD ≈ 350MeV [4].
As the b quark is confined within the B meson, nonperturbative effects of QCD are
clearly relevant in the study of the weak decays of b quarks. We use the relative heavy
mass of the b and c quarks with respect to ΛQCD to parameterize the nonperturbative
effects of QCD. This is accomplished with the operator product expansion (OPE) and
the heavy quark effective theory (HQET) as will be discussed further in Chapter 2. This
approach allows the effects of QCD in B mesons to be disentangled from the underlying
weak decay, so that precise extractions of the CKM elements can occur. In exploiting
the scale separations between ΛQCD, mb and the scale of the weak interactions mW , we
use the effective field theory formalism to organize our study of inclusive B decay. In the
following chapter, we relate the appropriate details of this task.
Chapter 2
Theoretical Framework
2.1 Definitions and Scales
We are primarily studying the inclusive decays B¯ → Xc ℓ ν¯ and B¯ → Xuℓν¯ℓ in this thesis,
although we also discuss B¯ → Xsγ in the final chapter. In all these decays, Xi refers
to the sum over all hadronic states containing a quark i generated in the decay. The
underlying process is the decay of the b quark, the decay products of which propagate
out to a distance O(1/ΛQCD) before they hadronize with unit probability. This physical
separation in the physics of b quark decay and hadronization, combined with the fact
that we sum over all final hadronic states containing the decay product quark, implies
that the detailed physics of the hadronization process is not relevant for the study of
inclusive decays [15, 16, 17, 18].
However, constructing theoretical descriptions of b decays remains a difficult task,
primarily due to the number of scales relevant to these decays. Considering the inclusive
B decays B¯ → Xc ℓ ν¯ and B¯ → Xuℓν¯ℓ, the b quark decays to a c or u quark through its
coupling to the W− boson, which has a mass of 80.4GeV. The nonperturbative effects
of QCD on this b quark cannot be completely neglected, as they bind the quark in the B
meson with interactions of scale ΛQCD. The energy released in the decay is approximately
11
Chapter 2. Theoretical Framework 12
given by the difference in the rest masses of the quarks mb −mc or mb − mu, and the
decay products themselves have masses, so that a number of separated scales are present.











Figure 2.1: Some of the physical scales relevant to inclusive B decays.
Determining detailed predictions for decay spectra that have all of these scales, could be
approached directly in the Standard Model. Without an effective field theory formulation
of the problem, translating the measured matrix element into a measurement of |Vcb|
would introduce an uncertainty difficult to precisely quantify. Using the effective field
theory appropriate for B¯ → Xc ℓ ν¯ allows the measured matrix element of the decay to
be translated in a precise way into a measurement of |Vcb|.
One would expect perturbation theory to be a valid tool to incorporate some of the
remaining strong interaction effects, due to asymptotic freedom, as the energy released
in the decay is O (mb) ∼ 0.22. However, the perturbative expansions would still be
poorly behaved due to the presence of large logarithms of ratios of the above scales.
These corrections introduce logarithms of size log (mb/M) which spoil the usefulness of
perturbation theory when the log is larger than the inverse of the strong coupling αs(mb).
One can deal with large logarithms of this type [19] and parameterize the effects of the
remaining nonperturbative physics in inclusive decays by using the effective field theory
approach to organize the calculation.
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2.2 Effective Field Theories
An effective field theory factors the physics of a calculation into a direct calculation
using the fields whose quanta have masses less than a renormalization scale µ = M ,
while the effects of the physics at and above the scale M are accounted for by introducing
nonrenormalizable higher dimension operators made up of the physical degrees of freedom
in the theory below the scale M .
The low energy theory is then matched onto the full theory at the scale M , to ensure
that it accurately represents the full theory in calculations at the lower energy scale. One
then uses the renormalization group equations to run the coefficients of the operators from
the scale M to the scale of the physical process of interest µ = p. This sums the large
logarithms of form αns log
n(M/µ) and incorporates their effects into the theory by shifting
the coefficients of the operators in the low energy theory. This allows us to deal with the
problem of large logarithms.
An effective field theory can also be of use by removing scales of negligible effect from
calculations, simplifying the remaining calculations and making approximate symmetries
manifest, by expanding in the ratios of the scales present in the problem. In particular,
we expand our B decay calculations in the ratio of the scales ΛQCD/mb which allows us
to parameterize the nonperturbative physics of the strong interaction as an expansion in
measurable matrix elements of operators that scale as (ΛQCD/mb)
n. This is done in a
systematic manner with a model independent introduction of uncertainty in predictions.
We utilize two effective theories in this thesis to obtain SM predictions for inclusive B
decays. The effective low energy theory of the weak interactions is discussed first. Then
the effective field theory description of the physics of a heavy quark containing meson,
HQET is discussed in some detail.
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2.2.1 Four Fermi Theory
The mass of theW boson is much larger than the typical momentum transfer in inclusive
B decay, with a Compton wavelength of approximate size 1/mW . This wavelength is
much smaller than any of the distances probed by the remaining scales in the problem.
Thus the decay of the b quark through its coupling to a W can be approximated by an
effective local four Fermi interaction, where the W boson mass is integrated out of the
problem with negligible effect. The general semileptonic weak decay we are concerned
















where f represents a u or c quark and q is the momentum flowing through the W boson.
The effects of theW boson can be approximated by a local interaction through performing
a Taylor expansion on the propagator and only retaining the leading order term. We use








where GF = 1.16637(1)× 10−5GeV−2 [4] is the Fermi constant, which is related to the




W ). Predictions based on this
Lagrangian are accurate up to corrections of order q2/m4W .
2.2.2 Heavy Quark Effective Theory
For mesons involving a quark whose mass is much greater than ΛQCD, such as the B
meson where mb ≫ ΛQCD the QCD interactions can be described by an effective theory.
Our QCD description should reflect the fact that the spin and flavor quantum numbers
of the heavy quark require an interaction of Compton wavelength 1/mQ to be resolved,
while the heavy quark in the meson is interacting with the light degrees of freedom
via interactions of order ΛQCD ≪ mQ. The resulting small perturbations are unable
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to resolve the spin or flavor structure of the heavy quark, leading us to expect that an
approximate spin-flavor symmetry should exist in the effective field theory describing
these interactions.
This symmetry will be exact as mQ → ∞, where the heavy quark ceases to be
dynamical at all, simplifying into a static source of color charge, known as a Wilson
line. For real heavy quarks, this symmetry is broken by terms of order (ΛQCD/mQ)
n,with
n ≥ 1. The Heavy Quark Effective Theory (HQET) [15, 16, 17, 18] was developed to
describe mesons containing a heavy quark bound with a light quark. At leading order it
exhibits the expected spin flavor symmetry and the Lagrangian describing this theory is
systematically developed in the following sections.
Derivation of HQET
To reflect this physical intuition, we factor the momenta carried by the heavy quark into
a large piece mQ v
µ ∼ O(mQ), and a small residual momentum piece kµ ∼ O(ΛQCD),
pµq = mQv
µ + kµ. (2.3)
The velocity v is conserved in the mQ →∞ limit as δv ∼ ΛQCD/mq, and is chosen to be
the rest frame of the heavy quark v = (1, 0, 0, 0). With this rewriting of momenta, the





2mQv · k + k2 + iǫ = i
1 + v/
2v · k + iǫ . (2.4)
The simplification of the propagator illustrates that the projectors P± = (1 ± v/)/2 are
appropriate to decompose the full QCD field into large and small components in this
limit. For v chosen to be the rest frame of the b quark, P+ projects onto the particle
components of the dirac spinor, while P− projects onto the antiparticle components.
We factor the quark field into large and small components using these projectors and
remove the large part of the momentum from the fields, so that derivatives act to only
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produce factors of the dynamical momenta k. This is accomplished using the following
field redefinition,
Q(x) = e−imQv·x(P+Q(x) + P−Q(x))
= e−imQv·x(hv(x) +Hv(x)). (2.5)
In the heavy quark limit, each velocity labels a different heavy quark field. Using this
field redefinition for a heavy quark term of the QCD Lagrangian yields,
LQCD = Q¯(iD/−mQ)Q, (2.6)
= (h¯v + H¯v)(iD/+mQv/−mQ)(hv +Hv),
= h¯v iv ·Dhv − H¯v(iv ·D + 2mQ)Hv + H¯v iD/⊥ hv + h¯v iD/⊥Hv, (2.7)
where we have used v/hv = hv, v/Hv = −Hv and P+γµP+ = P+vµP+. The perpendicular
label on the covariant derivative indicates a subtraction of the v components of the
derivative from Dµ. The antiparticle components of the heavy quark field Hv require an
excitation of mass 2mQ to be created. As the required energy for this excitation is above
the scale where HQET is physically applicable, the Hv equation of motion
(iv ·D + 2mQ)Hv = iD/⊥hv, (2.8)
can be used to eliminate this field from the lagrangian. By performing a naive expansion
inmb the HQET Lagrangian can be obtained at tree level order by order in inverse powers
mQ [20] ,





hv + · · · (2.9)
This derivation works at tree level as the expansion is equivalent to manipulations of
the solutions to the nonrelativistic Dirac equation (Pauli’s equation) with a similar field
redefinition. To go beyond tree level, one must follow the general formalism of effec-
tive field theory, write down all permissible operators at a particular order and match
perturbatively onto the full theory.
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In examining the resulting Lagrangian, the first term is independent of the mass and
spin of the heavy quark. This leading order result exhibits the expected spin flavor
symmetry. The SU(2) spin symmetry of the heavy quark and the U(Nh) heavy flavor
symmetry is embedded into a U(2Nh) spin flavor symmetry.
The second term is mass dependent and violates the heavy flavor symmetry. Its
Lorentz structure is further decomposed into a term that only violates the flavor sym-











Where we have used σµ ν = i[γµ, γν]/2, the gluon field strength G
µν , and we have intro-
duced the renormalization scale dependence of the later term a(µ). The third order term
in the expansion is decomposed in a similar manner [21]. The gluon interaction vertex is
also modified in the effective theory in the following way, due to Eqn. 2.9
−i gs Ta P+ γµP+ = −i gs Ta vµ. (2.11)
Matrix Elements of HQET Operators
In using HQET, we will take a full theory process of interest and expand in terms of the
local operators, using the effective theory formalism. The resulting theoretical description
for a particular process of interest will be expressed in terms of the matrix elements of
these local operators. We define our matrix elements in the following section for clarity
in the following discussions.
The heavy meson HQET matrix elements of the operators1 suppressed by ΛQCD/mb
in the effective theory Lagrangian are labeled as [15, 16, 17],
〈Hq(v)|h¯v (iD⊥)2 hv|Hq(v)〉 = 2λ1,
Z〈Hq(v)|h¯v gs (iσµ ν)Gµ ν hv|Hq(v)〉 = 4 dH λ2(mq). (2.12)
1The normalization of these states is 〈Hq(v)|Hq(v′)〉 = 2v0δvv′(2π)3δ3(k− k′)
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Where dH = 3 for a pseudoscalar meson and dH = −1 for a vector meson. We have also
included the renormalization constant for λ2 and indicated its logarithmic dependence
on the heavy quark mass, this parameter is determined from the B⋆ − B meson mass
splitting to be λ2(mb) ≈ 0.12GeV.
The third term in the LHQET derivative expansion is decomposed in a similar manner.
In decay spectra we label the operators at this order as ρ1 and ρ2 [21],
〈Hq(v)|h¯v (iD⊥)α (iv ·D) (iD⊥)α hv|Hq(v)〉 = 2ρ1,
Z〈Hq(v)|h¯v gs (iσµ ν) (iDµ) (iv ·D) (iDν) hv|Hq(v)〉 = 4 dH ρ2(mq). (2.13)
At O(1/m2q) in the effective theory, the expansion of the QCD meson states in terms of
the HQET meson states introduces contributions from the convolution of the O(1/mq)
operators with the O(1/mq) corrections in the Lagrangian [21],





dtLHQET |Hq(v)〉+ h.c. = τ1 + dHτ2
mq
,





dtLHQET |Hq(v)〉+ h.c. = τ3 + dHτ4
mq
. (2.14)
Here LHQET refers to just the subleading terms of the HQET Lagrangian. These contri-
butions are parameterized in terms of nonlocal operators τi.
The masses of the heavy mesons in the effective theory that contain the same heavy
quark mq are degenerate at leading order. The leading correction to these masses is given
by the matrix element of the light degrees of freedom, labeled Λ¯. A heavy quark mass is
related to a heavy meson mass through all of the above parameters [21],
mq = mH − Λ¯ + λ1 + dH λ2
2mq
+
ρ1 + dH ρ2
2m2q
+







To be more precise, we demonstrate in the following that in the heavy quark limit,
inclusive decay is the same as the free decay of the heavy b quark. Corrections to this
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result are given by the nonperturbative matrix elements introduced in the proceeding
section. We discuss the decay B¯ → Xc ℓ ν¯ in some detail first and then discuss how the
analysis changes in B¯ → Xuℓν¯ℓ decay in the following sections. The following chapters
then relate the results reported on in this thesis, which are concerned with improving the
theoretical treatment of these decays.
2.3.1 B¯ → Xc ℓ ν¯ Decay
We begin by using the effective weak Hamiltonian corresponding to the effective La-
grangian developed in Section 2.2.1, with a c quark in the final state. The decay is











|〈Xc ℓ νℓ |HW | B¯ 〉|2
2mB
(2 π)4δ4(pB − pℓ − pνℓ − pXc). (2.16)
We decompose our three body phase space into a pair of two body phase spaces with the
W boson decay product momenta qµ linking them. The matrix element is decomposed, up
to negligible electroweak corrections, into lepton and hadronic parts. The three variables
remaining after the phase space integration are the semileptonic decay product invariant
mass y = q2, the energy of the charged lepton Eℓ and the mass of the hadronic decay
products containing a c quark z = (mb v − q)2
dΓ
dy dEℓ dz
= 8G2F |Vcb|2W αβ(z, y)Lαβ(y, Eℓ). (2.17)




(−gαβ y + qα qβ) . (2.18)
The hadronic tensor parameterizes the strong physics of the B¯ → Xc ℓ ν¯ decay; it is
defined in terms of QCD meson states, and the weak decay current JαL = c¯γ
αPLb, by the
following expression,





δ4(pB − q − pXc)〈 B¯(pB) | J†αL |Xc(pX) 〉 〈Xc(pX) |JβL | B¯(pB) 〉.(2 19)
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This is a second rank tensor that can be decomposed in terms of Lorentz scalar structure
functions and the four vectors Qα = mBv
α and P α = Qα− qα. To obtain expressions for
the structure functions, we relate this matrix element to the imaginary part of the time
ordered product of currents,






















〈 B¯ | J†αL |Xc 〉 〈Xc | JβL | B¯ 〉
2mB




〈 B¯ | JβL |Xc¯ b b 〉 〈Xc¯ b b | J†αL | B¯ 〉
2mB
(2 π)3δ4(pB + q − pX).
The first term in this expression is the hadronic tensor and the latter term is zero for the
values of pB + q − pX present in semileptonic B decay. However, we will not ignore its
effects on the analytic structure of T αβ. The time ordered product of currents has the
analytic structure in the complex q · v plane for fixed q2 illustrated in Fig. 2.2.












(T (y, v · q + iǫ)− T (y, v · q − iǫ)). (2.22)
For the values of v · q we are interested in, along C1, the intermediate state quarks and
gluons of T αβ are nearly on shell, hadronizing into bound states. This necessarily involves
the nonperturbative physics of hadronization and renders perturbative calculations of the
structure functions invalid. As no poles are contained in the contour integral, we can use
Cauchy’s theorem to relate the integration along C1 to the integration along C2. For the
imaginary part of q · v far from zero, the intermediate state particles are far off shell and
perturbative calculations of the structure functions should be valid.
So long as the two contours C1 and C2 are sufficiently separated, calculating the
imaginary part of T αβ through the contour integral along C2 makes it possible to per-
turbatively calculate the structure functions. The separation of the contours is limited
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C1
C2
Xc Final State, Xc¯bb Final State
Im(q · v) Fixed q2
′Physical Cut′
Re(q · v)
Figure 2.2: The analytic structure of the time ordered product of currents in the complex
q · v plane for fixed q2. The branch cut for the region −∞ ≤ q · v ≤ mB −
√
m2Xminc + |q|2




+ |q|2 − mB does not contribute to the imaginary part of T for the physical
values of q and pB.
by the separation of the branch cuts on the real q · v axis, but this does not present a
difficulty in principle in B¯ → Xc ℓ ν¯ decay, as the minimum separation between the cuts
is ∼ mc. This minimum separation occurs for q2 values near the maximum value.
However, a flaw remains in this argument, as the contours C1 and C2 have to join,
necessarily a region of C2 has to be within a distance ΛQCD of the physical branch cut.
This is not expected to be a problem if the point that C2 pinches corresponds to a
hadronic final state whose mass is much larger that mXminc compared to the scale of
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nonperturbative effects ∼ ΛQCD. The assumption that analytically continuing the result
to the physical Im(v · q) = 0 region from the region where |Im(v · q)| ≫ 0, does not
render our calculation invalid for mXmaxc − mXminc ≫ ΛQCD, is known as global quark
hadron duality. The result of these arguments is that we calculate the hadronic structure
functions in the following way:




dv · q Im(T αβ(y, v · q)). (2.23)
We calculate the time ordered product in QCD perturbation theory using the OPE
to expand the time ordered product in terms of local operators and wilson coefficients,
T αβ(y, v · q) =∑
n
Cαβn (y, v · q)On. (2.24)
At leading order in perturbation theory we have
∫
C2
dv · q Im(T αβ(y, v · q)) =
∫
C2
dv · q Im b¯ γ
α PL (mbv/− q/+ k/)γβPLb
(mbv − q + k)2 −m2c + iǫ
. (2.25)
We expand this expression, with scaling (mbv − q)2 ∼ O(m2b) and k ∼ O(ΛQCD) in the
ratio kˆ = ΛQCD/mb by explicitly expanding the QCD fields b in terms of HQET fields hv,


















and expanding the propagator. We obtain a series of local operators and match the result
onto the local operators of HQET order by order. Contracting the result against Lαβ
and integrating over the remaining phase space, with ρ = m2c/m
2
b , we find up to second
order,





















f(ρ) = 1− 8ρ+ 8ρ3 − ρ4 − 12ρ2 log ρ. (2.28)
At leading order, our result is independent of HQET matrix elements demonstrating that
B¯ → Xc ℓ ν¯ is given by free quark decay at this order. Thus the accuracy of an inclusive
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determination of |Vcb| is limited by our knowledge of the heavy quark nonperturbative
matrix elements and the b quark mass. It also relies upon our assumption of quark
hadron duality. We turn our attention to improving the determination of mb and the
nonperturbative parameters, while experimentally quantifying the assumption of quark
hadron duality in the next chapter. First, we examine the differences in the analysis for
B¯ → Xuℓν¯ℓ decay.
2.3.2 B¯ → Xuℓν¯ℓ Decay
In B¯ → Xuℓν¯ℓ decay, the differences enter in the determination of the hadronic tensor.
Taking the limit ρ→ 0 of the decay rate above determines the decay rate for B¯ → Xuℓν¯ℓ.
However, to measure this decay rate one must distinguish B¯ → Xuℓν¯ℓ decays from the
B¯ → Xc ℓ ν¯ decays. As |Vcb|2 ∼ 100 |Vub|2, the decay to Xc dominates over the decay to
Xu for most of phase space. To measure |Vub|, one must restrict measurements to regions
of phase space where the decay rate for B¯ → Xc ℓ ν¯ is kinematically forbidden, or at least
highly suppressed.
As the lepton energy has an upper limit given by the decay of B to the lightest mass
meson containing a c quark (D meson), restricting measurements to regions of large
charged lepton energy Eℓ ≥ (m2B¯ − m2D)/2mB eliminates the B¯ → Xc ℓ ν¯ background.
Similarly, a cut on the hadronic invariant mass of the decay products, only retaining the
low invariant mass, MX ∼ mD decays restricts the measured rate to B¯ → Xuℓν¯ℓ decays.
With these phase space restrictions, the components of pµ = (mbv − q)µ scale as O(mb),
while p2 ∼ O(mb ΛQCD) and k ∼ O(ΛQCD). The leading order expression for determining
the hadronic structure functions is
∫
C2
dv · q Im(T αβ(y, v · q)) =
∫
C2
dv · q Im b¯ γ
α PL (mbv/− q/+ k/)γβPLb
(mbv − q + k)2 −m2u + iǫ
. (2.29)
Expanding the propagator and fields with this scaling in ΛQCD/mb the hadronic tensor
cannot be expanded in terms of local operators; as the results of the expansion have
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factors of k (or D) in the denominator. One can expand the result in terms of nonlocal
operators. At leading order in ΛQCD/mb one nonlocal operator is present, characterizing
the light-cone distribution function (shape function) of the B meson [22, 23]
f(ω) ≡ 〈B¯|b¯ δ(ω + n·D) b¯|B¯〉
2mB
, (2.30)
where nµ is a light-like vector.






(B¯ → Xsγ) = 2f(1− 2Eˆγ) + . . . (2.31)
there has been much interest in exploiting the relationship between these decays and
semileptonic decay spectra such as the Eℓ [24, 25, 26, 27] , mX [28, 29] or more recently
the P+ ≡ Ex − |px| [30, 31, 32] spectra of B¯ → Xu ℓ ν¯ to extract |Vub|.
As the shape function characterizes the decays B¯ → Xsγ and B¯ → Xuℓν¯ℓ only at
tree level and at leading order in ΛQCD/mb, a precise determination of |Vub| requires an
understanding of the size of the corrections to these spectra. Radiative corrections were
considered in [22, 23, 33, 34], while nonperturbative corrections have been studied in
[24, 25, 26, 27, 31, 35, 36]. At subleading order in ΛQCD/mb the corrections to these
spectra are the matrix elements of four additional non-local operators [24, 25, 26, 27]. In
Chapter 4, we investigate the renormalization of these operators.
Chapter 3
Improving Extractions of |Vcb| and mb
3.1 Outline.
In the following chapter, we report on the results of attempts to improve the extraction of
|Vcb| and mb. We begin be defining the mass scheme that we will use to define the b quark
mass, the 1S scheme, and introduce the general moment approach used to investigate
B¯ → Xc ℓ ν¯.
The following section then relates the results of work published in [37] that applied
the general moment approach to the charged lepton energy spectra of B¯ → Xc ℓ ν¯. We
then apply the method to the hadronic invariant mass spectrum as reported in [38]. We
also report the hadronic tensor to O(αs) and use this result to determine the lepton
energy cut dependence of the O(αsΛQCD/mb) correction to this spectrum.
As the general moment approach was being developed, a number of other authors
were developing general fits of observables to the B¯ → Xc ℓ ν¯ , B¯ → Xu ℓ ν¯ and B¯ →
Xsγ decay spectra[39, 40, 41]. In particular, a general fit was implemented on these
observables by Bauer, Ligeti, Luke and Manohar. Some differences existed in the general
fits implementation of the 1S scheme, compared to the implementation presented in
Section 3.5 and the lepton energy cut dependence of the O(αs ΛQCD/mb) terms for the
25
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hadronic invariant mass observables in this fit was not known.
Due to the rapid accumulation of data at the B factories and the determination of
the O(αs ΛQCD/mb) terms for the hadronic invariant mass observables, another general
fit was undertaken by Bauer, Ligeti, Luke, Manohar and the author [42]. The resulting
paper was the result of a collaborative effort based in large part on the preceeding fit,
we present the result of this collaboration in the final section.
3.2 Υ(1S) mass scheme
In using the decay rate given by Eq. 2.27 to extract |Vcb|, an uncertainty ∆mb has a
significant impact ∼ 5∆mb on ones ability to extract |Vcb|. The b quark mass is a param-
eter in the Lagrangian that must be determined through its relation to an experimentally
determined quantity.
An obvious method to adopt is to use the relation between the pole mass and the
heavy meson mass given by Eq 2.15. However in using this relationship to relate mb to
the B meson mass, the parameter Λ¯, which depends on long distance physics, is used
and perturbation theory in this scheme is poorly behaved. This breakdown of perturba-
tion theory is due to the divergence introduced by αns β
n−1
0 n! terms in the perturbative
expansion and is known as a renormalon ambiguity [43]. The parameter Λ¯ is termed to
have a renormalon ambiguity of O(ΛQCD/mb).
In relationships between physical observables that remove the dependence on the
long distance parameter Λ¯, the O(ΛQCD/mb) renormalon ambiguity is removed, and the
perturbative series is better behaved [44]. As such, this is not a problem in principle,
however, it is much more convenient to work with a short distance mass which does not
exhibit such a renormalon ambiguity, or at least a renormalon ambiguity of higher order.
Using a short distance mass definitions also tends to give a perturbative expansion which
converges more rapidly.
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In the following chapter, we use the 1S scheme, which relates mb to one half the







, and so we expect the perturbation series of observables to be better
behaved. We express moments in terms of the 1S mass, which is related to the b quark
pole mass through the relation [45, 46]
m1Sb
mpoleb



















where ℓ = log[µ/(mbαsCF )] and CF = 4/3. The parameter ǫ = 1 determines the order in
the modified perturbative expansion. Perturbation theory is modified in this scheme as




0 instead of the usual
αns β
n−1
0 form. In has been demonstrated [45, 46] that at higher orders in perturbation
theory the coefficients of the αns β
n−2
0 contain the expansion (ℓ
n + ℓn−1 + . . .+ 1), which
exponentiate at large n to give exp(ℓ) = µ/(mbαsCF ) leading to the cancellation of the
renormalon ambiguity at large n. This is the formal reason behind the introduction of
the ‘Upsilon Expansion’; when calculating in the 1S mass scheme the O(αsn) perturba-
tive corrections coming from the mass transformation Eq. (3.1) are counted using the
parameter ǫn−1, while O(αsn) corrections in the decay rate are counted as ǫn.
The dependence on the pole mass of the charm quark in our results is eliminated
through,


























The meson masses m¯D and m¯B are the spin averaged meson masses m¯X = (mX + 3mX∗) /4.
In this relation we use the fact that mΥ
2




Using a short distance mass definition reduces the perturbative uncertainty introduced
in inclusive observables used to determine the HQET parameters present in B¯ → Xc ℓ ν¯.
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To improve the determination of the parameters themselves we now present an approach
to maximize the amount of information about these parameters that can be extracted
from experimentally determined decay spectra.
3.3 General Moment Method
A B¯ → Xc ℓ ν¯ observable calculated by an OPE is a double expansion in terms of the
strong coupling αs(mb) and the ratio ΛQCD/mb. Observables are usually calculated with
experimentally required cuts to reduce backgrounds, such as a cut on the charged lepton
energy, so that in general a prediction for an nth moment of an observable (On) is an








yˆ , zˆ , Eˆℓ
] dΓ
dyˆ dzˆ dEˆℓ































The measurement of |Vcb| from inclusive decays requires that these decays be adequately
described by the OPE formalism. The motivation of the general moment approach is to
exploit the degree of experimental and theoretical control that exists over n and Eˆminℓ by
examining directly the dependence of the various coefficient functions fi on these terms.
Using this control, one can uncover moments that are well suited to measure the HQET
matrix elements and test our understanding of B decay.
In particular, the possibility of deviations from the OPE predictions due to quark-
hadron duality have been raised [47]. However, in order to compare the OPE predictions
with data, one also has to define how uncertainties from 1/m3b corrections are estimated.
These uncertainties are hard to quantify reliably, as the only information on the size of
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matrix elements of the dimension six operators comes from dimensional analysis. The
important question to answer for a reliable determination of |Vcb| from inclusive decays is
therefore how well the OPE fits the data. Thus, for the purposes of this chapter we define
duality violation to be the difference between the OPE predictions using dimensional
scaling of the 1/m3b matrix elements and the experimental data.
Observables with f1 and f2 suppressed allow one to test the assigned error for higher
order terms in the nonperturbative expansion, as well as the assumption of negligible
error for violations of quark hadron duality. This test is extremely accurate, achieving a
sensitivity in testing observables for deviations from predictions of less then a percent in
the lepton energy spectra. As the resulting predictions are based upon the exact error
estimates and assumptions used in an extraction of |Vcb|, this allows a sensitive test of
the error assigned in extractions of |Vcb|.
Alternatively, moments which have f2 suppressed while f1 enhanced are sensitive to
the parameter Λ¯1S which, in principle, allows a precise extraction of the heavy quark
mass. One can also find pairs of observables that allow for combined measurements of
the parameters λ1 and Λ¯1S with minimal combined error.
We apply this approach to the charged lepton energy and hadronic invariant mass
spectra in the following sections.
3.4 Lepton Energy Spectra
Using inclusive decays to measure the magnitude of the CKM matrix element |Vcb| yields
a value in good agreement with determinations from exclusive decays [48]
|Vcb| = (40.4± 0.9exp ± 0.5λ1,Λ¯ ± 0.8th)× 10−3 . (3.6)
The first uncertainty is experimental, the second is due to uncertainties in the values of
mb and λ1, while the third is from unknown higher order terms in the OPE and unknown
perturbative corrections. One of the systematic uncertainties is due to modeling the spec-
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trum below the required cut on the charged lepton energy spectrum and therefore is also
theoretical in nature. For machines running on the Υ(4S) resonance, this experimentally
required cut is typically at 0.6 GeV.
In this section we demonstrate how to reduce the theoretical error on the extraction
of |Vcb|, mb and λ1 from B → Xcℓν¯ decay, by examining the Lepton Energy spectra. We
eliminate the uncertainty due to modeling the spectrum below 0.6 GeV by calculating
the dependence on this cut. We demonstrate how to improve the precision of the deter-
mination of the parameters mb and λ1 using measurements of generalized moments of
the lepton energy spectrum. We also calculate several moments which are insensitive on
the actual values of mb and λ1 and therefore allow one to test the validity of the OPE
and therefore our definition of duality violation.
Past attempts to measure mb and λ1 from the lepton energy spectrum of B → Xcℓν¯






















where Emax = (m
2
B −m2D)/2mB. These moments were calculated to third order in the
ΛQCD/mb expansion [21] and to order α
2
sβ0 [50] in perturbation theory. The pole masses
were expressed in terms of the heavy meson masses, involving a renormalon ambiguity













In this chapter we calculate the general moments of the lepton energy spectrum1
















3 and α2sβ0 using the short distance 1S mass and systematically
examine what information can be obtained from these moments. In particular, we identify
1In general, non-integer moments can lead to new cuts in the complex plane which have to be dealt
with carefully. This, however, is not a problem for this spectrum.
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sets of moments which allow mb and λ1 to be measured with uncertainties considerably
smaller than R1 and R2. We also find moments which are insensitive to the values of
mb and λ1 and therefore directly test the reliability of the theoretical error assigned to
the extraction of mb and λ1 and the theoretical treatment of inclusive B decay using
an OPE. The moments are calculated from the lepton energy spectrum, which has been
calculated to order (Λ/mb)
3 [21], and to order α2sβo perturbatively [50, 51].
The lepton energy spectrum has been measured by the CLEO collaboration using
single and double tagged charged lepton data samples [52, 53] . The double tagged
data uses the charge correlation between primary and secondary leptons to eliminate
the background from secondary leptons. While this type of analysis gives the smallest
experimental uncertainties, it does require a correct identification of the primary lepton.
For this reason a cut on the lepton energy at Eℓ = 1.4GeV was employed by CLEO
[52]. The double tagged data sample does not require such a cut, and one only needs a
lower cut on the lepton energy at Eℓ = 0.6 GeV to eliminate fake pion signals. However,
this increases the uncertainties in the moments by about a factor of three [53]. With the
large data samples available to the B factories it should be possible to use single tagged
data samples to measure the moments with the required precision. For each search of
optimal moments we therefore present results relevant for the two analysis techniques by
restricting the lepton energy to lie in the conservative regions above 800MeV and above
1.5GeV, respectively.
To compare with experimental data at the required precision, we also calculate the
corrections due to the electroweak electron radiative corrections [54], the leading order
corrections proportional to |Vub/Vcb|2, and the corrections due to a boost from the rest
frame of the B meson to the lab frame. For the boost corrections we assume a mono-
energetic B meson of energy E = M
(4S)
Υ /2 appropriate for the CLEO analysis. Boost
corrections for the asymmetric B factories are not considered here and should be taken
into account in the experimental analysis. In this case, the boost corrections calculated
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here should not be included.
Before we present the results of the general moments search, we can use our result to
obtain the total branching ratio with a cut on the lepton energy. As explained earlier,
such a cut is required experimentally to avoid fake lepton backgrounds. Here we present
the branching ratio as a function of the lower cut on Eℓ. Since the dependence on the
cut is quite complicated, we will not present an analytic equation, but rather give an


















































Here Eˆcut = Ecut/m¯B and we have used αs = 0.22, β0 = 25/3 and λ2 = 0.12GeV
2.
The dependence of the uncertainties in this expression from perturbative and 1/m3b cor-
rections is negligible over the range of Ecut considered, and can thus be taken as constant.
For the measurement of mb and λ1, we compare the resulting uncertainties on the
extracted parameters with those obtained using the moments R1 and R2 defined in (3.7).
To facilitate this comparison, we present these moments in terms of the 1S mass




















































































































The last two brackets in each moment are the electroweak and boost correction, respec-
tively. Using the central values and statistical correlation matrix V measured by the
CLEO collaboration
R1 = 1.7831 , R2 = 0.6159 ,
V (R1, R2) =


3.8× 10−6 6.0× 10−6
6.0× 10−6 1.7× 10−5

 ,
together with |Vub/Vcb| = 0.1± 0.03 and αs = 0.22, we obtain
Λ¯=[0.47 ± 0.10exp ± 0.02Vub ± 0.02ǫ ± 0.07m3 ] GeV
λ1=[−0.16± 0.11exp ± 0.02Vub ± 0.02ǫ ± 0.07m3 ] GeV2 ,
where the perturbative uncertainties are estimated by varying mb/2 < µ < 2mb and
using the O(ǫ2β0) term as a crosscheck. The uncertainty due to the unknown size of
matrix elements of 1/m3b operators is estimated by using the method of [21, 55, 56] to
ensure a valid comparison of our suggested observables with R1 and R2: we impose the
relation due to the vector, pseuodoscalar mass splitting at third order [21]
ρ2 − τ2 − τ4 = κm
2
B∆mB(mD + Λ¯)−m2D∆mD(mB + Λ¯)
mB + Λ¯− κ (mD + Λ¯) , (3.13)
and use the result from the vacuum saturation approximation which predicts a posi-
tive value of ρ1 [57]. The unknown matrix elements are then randomly varied between
(±500MeV)3. The random values are drawn from a flat distribution, since there is no
known preferred value of the individual matrix elements.
We would like to make a few comments about the expressions for R1 (3.11) and R2
(3.12). First, the expressions differ from the ones presented in [49] in their perturbative
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terms and the terms containing λ1. This is due to the use of a short distance mass in
the present calculation, as supposed to the pole mass used in [49]. Furthermore, in both
moments the O(ǫ2β0) term in the perturbative series is larger than the order ǫ term.
This, however, is due to a cancellation of the O(ǫ) terms in the ratios considered, and
does not indicate a poorly behaved perturbation series. In both the numerator and the
denominator of these expressions the perturbation series is well behaved.
Translating the obtained value of Λ¯ into a value of the b quark mass we find m1Sb =
4.84± 0.13, adding the errors in quadrature. This result is in agreement with both sum
rule and other moment analysis extractions[58], with comparable uncertainties. Using
the definition of the general moments given in (3.51), one can search for combinations
of moments which allow for a determination of m1Sb and λ1 with smaller uncertainties.
For certain values of n, m, Eℓ1 and Eℓ2 , the OPE results can not be trusted any more
since the convergence of the OPE breaks down. Using dimensional analysis to obtain the
size of the matrix elements and requiring that the 1/m2b and 1/m
3
b contributions do not
exceed 10% and 3% of the leading order result, we restrict ourself to the parameter space
m < 3 , n < 3 , 0.8GeV < Ecutℓi < 1.8GeV (3.14)
in our search to ensure a well behaved OPE.
By simultaneously minimizing the size of third order corrections and maximizing the
linear independence of the moments we find sets of observables Ra and Rb which minimize
the theoretical uncertainty in extracting Λ¯ and λ1. We do not try to minimize the size
of the perturbative corrections. Since the full two loop correction to the lepton spectrum
is not available, it would be meaningless to minimize the size of the ǫ2β0 piece. Consider
























































































































For this moment, the only available data is CLEO’s double tagged lepton spectrum,
and the uncertainties are too large to be useful for this analysis. Thus, to illustrate
how well the parameters Λ¯ and λ1 can be extracted from these moments we use the
hypothetical data R(1)a = 1.0082 and R
(1)
b = 0.9266. Using again |Vub/Vcb|2 = 0.1± 0.03
and αs = 0.22, this leads to Λ¯ = [0.59 ± 0.02Vub ± 0.03ǫ ± 0.01m3 ] GeV, and λ1 =
[−0.16 ± 0.04Vub ± 0.02ǫ ± 0.03m3] GeV2. Adding all errors in quadrature, this leads to
a theoretical error on m1Sb of ±40 MeV, with the largest error from the perturbative
uncertainties. To further reduce the error, a full two loop calculation for the lepton
energy spectrum would be required. The largest uncertainty on λ1 is due to the error in
|Vub|, for which we have assumed a very conservative error. Future measurements of |Vub|
should lower this uncertainty considerably [59]. In Fig. 3.1 we compare the resulting 68%
confidence level ellipses in the Λ¯− λ1 plane with the one obtained from R1 and R2.
To estimate how the experimental error from these new moments compares with that
from the previous extraction, we scale the measured correlation matrix for R1 and R2
by the central values to keep the percentage error equal. This leads to slightly increased
experimental uncertainties compared with those using R1 and R2. Thus, to minimize the
overall uncertainty, the new moments have to be measured with smaller uncertainties
than R1 and R2 [53]. Considering that this measurement was based on only 2 fb
−1 of

















Figure 3.1: Comparison of the error ellipses due to the 1/m3b uncertainties for the various
sets of moments. Only the central value of the black, solid ellipse has meaning, for all the
other ellipses only their relative size is important. Definitions of the moments illustrated
in this figure are given in the Appendix.
data, this seems feasible. We present a number of moments to measure in combination,
similar to the moments R1 and R2, in the Appendix. Next we turn our attention to
moments that are insensitive to the values of mb and λ1 and are therefore well suited to
test the underlying assumptions of the OPE and thus for duality violations. Consider
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Using the same input parameters as before, and very conservative errors for the two
HQET parameters Λ¯ = 0.6± 0.2, λ1 = −0.3± 0.3, this moments is predicted to be
D1 = 0.5400 [1± 0.0010λ1 ± 0.0003Λ¯ ± 0.0006Vub ± 0.0002ǫ ± 0.0009m3 ] . (3.18)
Thus, even with little information on the size of Λ¯ and λ1, the numerical value of this
moment is predicted to better than 1% in the OPE, given that the method to estimate
the 1/m3b uncertainties is reliable. A measurement of this moment can therefore directly
test these underlying assumptions, and any deviation from the OPE, even if below the
% level, should be detectable. In the appendix we give several other moments which
have similar theoretical uncertainties. While each of these moments individually tests
the accuracy of the OPE predictions, it is best to measure several of these moments.
This will give important information on the validity of using the OPE for other inclusive
measurements, such as the extraction of |Vcb|. We present several more moments to
investigate the Lepton energy spectra in the Appendix.
3.5 Hadronic Invariant Mass Spectra
3.5.1 Introduction
In past calculations of hadronic mass observables, the lepton energy cut dependence of
the O(αs ΛQCD/mb) terms was not calculated, and these terms were treated as a source
of error in the determination of mb and |Vcb|. In this section, we improve upon past
results by calculating the lepton energy cut dependence of the O(αs ΛQCD/mb) terms.
With the calculation of these terms and the moments presented in this section, global
fits will allow precise determinations of |Vcb| and mb to occur from the inclusive decay
spectrum.
In this section we also apply the general moment approach to hadronic invariant mass
moments. By testing the error assigned to higher order effects experimentally we improve
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the confidence in the theoretical error assigned due to these effects in determinations of
mb and |Vcb| from moments of semileptonic inclusive b decay. This allows extractions of
mb from these decay to occur in a relatively theoretically clean and unambiguous fashion
[60]. These results can be combined with the results for the lepton energy spectrum for
cross checks and fits to determine the HQET parameters.
The structure of this section is as follows. In Section 3.5.2 the O(αs) contribution to
the hadronic tensor is presented. Section 3.5.3 reports on moments in the 1S mass scheme
[45, 46, 43, 44], and discusses the mb ΛQCD/m
2
c expansion present in fractional hadronic







the error that should be assigned in the fit of the moments presented is discussed. The
dominant parameters affecting the extraction of |Vcb| inclusively, m1Sb and λ1, are ex-
tracted from known moments. Observables appropriate to precisely test the consistency
of the OPE are reported and moments that allow a measurement of the b quark mass
with minimal theoretical error due to unknown matrix elements are presented.
3.5.2 O(αs) Contribution to Decay Spectrum
Hadron Tensor Decomposition
The O(αs) corrections to semileptonic B → Xc ℓ ν¯ decay have been known for partic-
ular spectra and moments for some time [51, 61, 62]. The decomposition of the triple
differential decay spectrum in terms of structure functions has not appeared in the liter-
ature to date, although the limit of this spectrum appropriate for a massless final state
is known [29]. The triple differential decay spectrum must be known to allow for the
experimentally required cuts on the kinematic variables to be imposed in calculating the
O(αs ΛQCD/mb) terms and to perform a general moment analysis, and so we present it
here.
We decompose the triple differential decay spectrum in terms of the invariant mass
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of the W boson yˆ = q2/mb
2 where qµ is the momentum of the lepton pair, the invariant
mass of the hadronic decay products containing a c quark zˆ = (mb v − q)2/mb2, and the
charged lepton energy Eˆℓ = Eℓ/mb. This spectrum is written in terms of a lepton tensor




















= 12E0 tWµν (yˆ, zˆ)L
µν (yˆ, zˆ) , (3.21)
where E0 = 1/2 (1 + zˆ − yˆ) is the leading order energy of the c quark jet, ρ = m2c/m2b
and t =
√
1− zˆ/E02 is the rapidity of the c quark.
The hadron tensor can be decomposed in terms of the initial B meson four momentum
Qµ and the hadronic decay products four momentum P µ = Qµ − qµ, where qµ is the
momentum of the lepton pair. The tensor decomposition in terms of the four vectors Qµ
and P µ yields five non trivial structure functions Wi,
W µν(yˆ, zˆ) = W1(yˆ, zˆ)
(
P µQν + P νQµ − P ·Qgµν + iǫµναβQαPβ
)
(3.22)
− W2(yˆ, zˆ)gµν +W3(yˆ, zˆ)QµQν +W4(yˆ, zˆ)(P µQν + P νQµ) +W5(yˆ, zˆ)P µP ν.




















, labelled τ1,2,3,4 and ρ1,2 the definitions of which
can be found in [63].
O(αs) Contributions to Hadron Tensor Structure Functions
The hadronic structure functions Wi in Eq. (3.22) have the perturbative expansion:
Wi (yˆ, zˆ) = W
0
i (yˆ, zˆ) +
Cf αs
4 π
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Figure 3.2: The one loop forward scattering diagrams. The hadron tensor is derived by
calculating the imaginary part of the diagrams.
across all intermediate state contributions to the diagrams shown in Fig. 3.2. Combined
with the external quark wave-function renormalization this gives the W ii . At tree level,
in the massless final state limit only W 01 is nonzero. W
1
1 can be expressed as
W 11 (yˆ, zˆ) = W
1
1a(E0, t, zˆ, yˆ)δ(zˆ − ρ) + W 11b(E0, t, zˆ)θ(zˆ − ρ) +W 11c(E0, t, zˆ, λG2),(3.24)
where
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W 11b(E0, t, zˆ) =




2 (5 zˆ − ρ)
zˆ E0 t2


































zˆ − (√ρ+ λG)2
) 8 ρ f1
zˆ
(
zˆ − ρ+ λG2
)2 − θ
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zˆ − (√ρ+ λG)2



























)2 − 2 zˆ ρ. (3.25)
The IR singularities present in the unintegrated spectra are regulated by a gluon mass
λG in this calculation and the divergence cancels between the virtual and bremsstrahlung
graphs once one integrates over phase space. The divergence directly cancels in integra-
tions of these structure functions as the first two bremsstrahlung terms in W 11c each con-






For the purposes of this chapter it is sufficient to numerically integrate the O(αs) spec-
trum with the regulator assigned a small numerical value λG ∼ 10−6. The Li2 (zˆ) func-











dt. The other structure functions vanish at tree level in the limit
mc → 0 and are IR safe at O(αs). For these structure functions we find,
W 12 (yˆ, zˆ) = W
1
2a(E0, t, zˆ) δ(zˆ − ρ) +W 12b(E0, t, zˆ) θ(z − ρ),
W 12a(E0, t, zˆ) = −








W 12b(E0, t, zˆ) =
(zˆ2 + 8zˆ − ρ2)
zˆ E0 t4
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W 13 (yˆ, zˆ) = W
1
3a(E0, t, yˆ) δ(zˆ − ρ) +W 13b(E0, t, zˆ) θ(z − ρ)
W 13a(E0, t, yˆ) =
zˆ
yˆ







− 4 log (ρ)
)
(3.27)
W 13b(E0, t, zˆ) =
16
E0 t4
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W 14 (yˆ, zˆ) = W
1
4b(E0, t, zˆ) θ(zˆ − ρ)
W 14b(E0, t, zˆ) =
2 (zˆ − ρ)
zˆ E0 t4
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W 15 (yˆ, zˆ) = W
1
5a(E0, t, yˆ) δ(zˆ − ρ) +W 15b(E0, t, zˆ) θ(zˆ − ρ)











+ 4 log (ρ)
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W 15b(E0, t, zˆ) =
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E0 zˆ2 t4
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We have checked the hadron tensor at O(αs) by integrating our results to compare
against known O(αs) spectra and agree with [51] and the historical [64], but disagree,
as do these other authors, with [61]. We also agree with the total O(αs) contribution
to the decay rate in [65]. The massless limit of the O(αs) hadron structure functions
has been taken for all regular terms and we find we agree with the regular terms for a
massless final state [29].
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Lepton Tensor and Phase Space
To find moments of the triple differential spectrum one must integrate over phase space
while imposing the experimentally required cut on the lepton energy. With no lepton




















0 ≤ yˆ ≤ (1−√ρ− λG)2
where b ≡ 1/2 (1− zˆ + yˆ) and ρ = m2c/m2b . Without a lepton energy cut in the phase
space, the lepton tensor integrated over the lepton energy Eˆℓ is
Lµν(yˆ, zˆ) = yˆ/3 (−gµν + qˆµqˆν/yˆ) . (3.31)
When a minimum cut Eminℓ ≥ xmb is introduced, the phase space and the lepton
tensor are modified. We do not repeat the derivation of the lepton tensor with a cut here,
see [66], but note that the phase space splits into three regions when a cut is imposed.
These three regions correspond to the partitioning of phase space that occurs when the
electron energy lies below or within the phase space integration range as shown in Fig. 3.3.
We only consider cuts below the upper limit of Eℓ as given in Eq. (3.30), this corresponds
to only considering cuts where Eminℓ ≤ mb(1−
√













the cut, labelled as x1 in Fig. 3.3, is below the lower
limit of the lepton energy in Eq. (3.30) and as the integration over the lepton energy is
unaffected, the lepton tensor with this cut reduces to the simple expression above with









b2 − yˆ). (3.32)
However, this lepton energy cut still affects the subsequent integrations of zˆ and yˆ by






















































Figure 3.3: Phase space diagrams with a lepton energy cut.
imposing the constraint on the range of yˆ ,
(1− (√ρ+ λG)2 − 2x) 2x
1− 2x ≤ yˆ, (3.33)












(1− (√ρ+ λG)2 − 2x) 2x
1− 2x ≤ yˆ ≤ (1−
√
ρ− λG)2.




while x ≤ √yˆ/2, labelled in the diagram as the cut x2, the
phase space splits into two regions. The first region RIII has the hadron tensor contracted
with the lepton tensor of Eq. (3.31), and the range of Eˆℓ as given by Eq. (3.32). The
remaining phase space variables are then integrated over the range,
(1− 2x)(1− yˆ
2x







(2x)2 ≤ yˆ ≤ (1− (√ρ+ λG)2 − 2x) 2x
1− 2x.





while x ≥ √yˆ/2, labelled as x3 on Fig. 3.3. The resulting combined
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phase space has the lepton tensor incorporating the cut within the phase space range
and the subsequent integration is given by the region RIV ,








2 ≤ zˆ ≤ (1− 2x)(1− yˆ
2x
), (3.36)
0 ≤ yˆ ≤ (1− (√ρ+ λG)2 − 2x) 2x
1− 2x.
3.5.3 Hadronic Mass Moments
1S Mass Scheme
In calculating moments of the hadronic invariant mass spectrum, we use the 1S mass and
the upsilon expansion [45, 46]. The perturbative corrections coming from expressing the
b quark mass in terms of the 1S mass are determined by using the definitions of Λ1S and
m1Sb and the HQET relationship between meson masses and quark masses.
In calculating the general hadronic moment, previously calculated moments by Bauer,
Ligeti, Luke and Manohar (BLLM) [39] were reexamined in the 1S mass scheme to check
results. The results presented in the following sections for the first hadronic moment and
its variance are different for two reasons. First, in BLLM a 1/m¯B expansion was used to
replace mB in the expansion of sH in terms of partonic variables,
mB = m¯B +










In the results reported in the following sections we always use a 1/mΥ expansion. The
corresponding expansion is
mB = m¯B − 3 λ2
mΥ














Second, we treat a class of powers of (m¯B − mΥ2 )n differently than BLLM. When terms
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the (m¯B − mΥ2 )n terms are kept only for n ≤ 3. In BLLM this class of terms are treated
as O (1) although they are formally of order ΛnQCD, leading to this class of higher order
terms of (m¯B− mΥ2 )n being kept and summed into the coefficients of the nonperturbative
parameters. In the following results, the (m¯B − mΥ2 )n terms from Λ¯ are counted as





the nonperturbative expansion and up to O(ΛQCD) for perturbative terms. Factors of
(m¯B − mΥ2 ) are also generated in the replacement of the c and b quark mass and these
factors are treated as O (1). This implementation of the 1S scheme is similar to the
the general moment analysis of the lepton energy spectrum [37]. The lepton moments
are presented in Appendix C and can be combined with the hadronic spectrum results
to cross check extractions of Λ1S and λ1 from these differing spectra. Further hadronic




H are presented in the
Appendix.





With the 1S scheme implemented as discussed, the decay width of B → Xc ℓ ν¯ is






























































. Uncertainties in the values of Λ1S, λi, ρi and τi introduce
uncertainties in the inclusive extractions of |Vcb| using the decay width. In the nonper-
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turbative expansion the largest theoretical uncertainty in the extraction of |Vcb| comes
from Λ1S and λ1 which one can see introduce ∼ 2% uncertainties, followed by the higher
order nonperturbative terms which impose an uncertainty of ∼ 1% as one can see by
examining the results for the total decay width and estimating the size of the unknown
terms with dimensional analysis.
The size of the O(α2s) can be estimated by calculating the α2s β0 contribution to O(α2s)
[67, 68, 39], although these terms are not included in this calculation. This has been
done in the 1S scheme for a number of observables and the full size of these corrections
being treated as an error introduces ∼ 2% uncertainty in the extraction of |Vcb|. The

















terms in the 1S
scheme may be estimated by taking the size of the αs Λ1S and multiplying by ΛQCD/mb ∼
0.1. For the first moment, this indicates that the order of the αs λi terms is expected to be
∼ 0.01Λ2QCD which can be safely neglected in fits to determine the third order parameters
in the OPE. However, completely uncorrelated uncertainties of this size for both αs λi
should be used to estimate the error on the fit. The size of the corrections introduced when
using the mass splitting formula to replace the c quark mass should also be estimated in
a fit to extract the third order terms in the OPE, as well as uncertainties due to 1/m4b
corrections to the OPE. These number and size of these terms are completely unknown
and the uncertainties introduced due to these terms can be estimated by introducing
completely uncorrelated errors of their naive dimensional size.
Integral Hadronic Moments
The nonperturbative parameters in the decay width can be determined by global fits
to moments calculated from the decay spectra of B → Xc ℓ ν¯ such as the hadronic
invariant mass spectra. The first and second moments of the hadronic invariant mass
spectrum have been known for some time [62, 69, 70]. The perturbative corrections
to these moments were obtained by expressing the hadronic moments in terms of the
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known O(αs) corrections to the lepton spectra and the leading order hadronic invariant
mass spectra. This technique fails when a lepton energy cut is introduced into the phase
space, and the general tensor results of Section 3.5.2 are required. In terms of partonic
quantities the hadronic invariant mass is defined to be
sH = (Q− q)2 = mB2 − mB mb (1− zˆ + yˆ) +m2b yˆ. (3.41)
It is conventional to examine the first hadronic moment once the spin averaged meson
mass m¯2D is subtracted. Moments that give the mean and variance of the hadronic
invariant mass spectrum with lepton energy cuts of differing values were re-examined


















These moments as functions of the cut on the lepton energy, including the previously
uncalculated perturbative corrections are as follows. The coefficients stated are for the
dimensionful nonperturbative parameters listed at the top of the column. The data used
in the numerical evaluations in this section are m¯B = 5.3135 GeV, m¯D = 1.9730 GeV,
mΥ = 9.4603 GeV and the strong coupling is αs(mb) = 0.22. For example for the first
moment with no cut we find




1S + 1.43 λ1 − 0.34 λ2 + 0.51 λ1Λ1S
+ 0.07 λ2Λ1S + 0.71 ρ1 − 0.34 ρ2 + 0.32 τ1 + 0.25 τ2 + 0.29 τ3 + 0.15 τ4
+ 0.143 ǫ+ 0.175Λ1S ǫ, (3.43)
and in the following tables the leading order term of a moment Si is labelled S
0
i .
For the S2 (E0) moments, as explained in Section 3.5.3, the results differ from those
stated in BLLM. This difference is formally of higher order, and in the nonperturbative
expansion the overall effect of the differing implementations of the 1S scheme is small.
The effect of these terms in the perturbative expansion is also small for most moments.







1S λ1 λ2 λ1 Λ1S λ2 Λ1S
0 0.834 1.646 0.451 0.16 1.43 -0.34 0.51 0.07
0.5 0.822 1.623 0.445 0.16 1.44 -0.30 0.51 0.09
0.7 0.807 1.592 0.435 0.16 1.46 -0.24 0.53 0.12
0.9 0.786 1.549 0.420 0.16 1.51 -0.14 0.55 0.18
1.1 0.762 1.496 0.397 0.15 1.57 0.00 0.59 0.26
1.3 0.737 1.439 0.368 0.15 1.69 0.18 0.66 0.37
1.5 0.719 1.392 0.334 0.14 1.92 0.42 0.79 0.51
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
0 0.71 -0.34 0.32 0.25 0.29 0.15
0.5 0.72 -0.34 0.32 0.26 0.29 0.16
0.7 0.75 -0.34 0.33 0.27 0.29 0.17
0.9 0.79 -0.34 0.34 0.30 0.30 0.18
1.1 0.87 -0.33 0.35 0.34 0.31 0.21
1.3 0.99 -0.30 0.37 0.41 0.32 0.24
1.5 1.23 -0.23 0.41 0.53 0.33 0.28
1S αs
2 Contribution αs Contribution Combined O (ǫ)
Eminℓ ǫ Λ1S ǫ ǫ Λ1S ǫ ǫ Λ1S ǫ
0 -0.014 0.090 0.157 0.086 0.143 0.175
0.5 -0.014 0.088 0.143 0.069 0.129 0.157
0.7 -0.014 0.086 0.139 0.072 0.125 0.159
0.9 -0.014 0.084 0.134 0.076 0.120 0.160
1.1 -0.014 0.081 0.128 0.080 0.114 0.161
1.3 -0.015 0.077 0.121 0.085 0.106 0.162
1.5 -0.018 0.073 0.117 0.093 0.099 0.166
Table 3.1: Coefficients of the perturbative terms and nonperturbative parameters for
S1 (E0).
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However, the variance of the hadronic invariant mass spectrum is more sensitive to higher
order terms due to the cancellation among leading order terms in the nonperturbative
expansion. The 1S scheme as implemented in BLLM found that the variance increased
as the lepton energy cut was increased due to the dominance of the O(αs) term and
the suppression of leading order nonperturbative corrections. The O(αs) term is the
dominant correction to the variance in the mb →∞ limit. The experimentally measured
lepton energy cut dependence has the variance decreasing as the lepton energy cut in-
creases. When (m¯B− mΥ2 ) terms are treated as detailed in Section 3.5.3 in the 1S scheme,
the O(αs) term and variance has the experimentally measured dependence on the lepton
energy cut, as can be seen in Table 3.2. The moments S1 and S2 with a lepton energy
cut of 1.5GeV have been experimentally measured by CLEO [71],
S1 (1.5GeV) = 0.251 ± 0.066GeV2, (3.44)
S2 (1.5GeV) = 0.576 ± 0.170GeV4, (3.45)
Using this data, we can extract values of Λ1S and λ1, for comparison with extractions
from the lepton energy spectrum. We estimate the theoretical error on the extraction
due to the unknown third order terms in the usual way [63] using the results of recent
fits when they substantially improve our knowledge of these terms beyond dimensional
analysis. We use the HQET vector pseudoscalar mass splitting constraint to determine
λ2 = 0.12GeV
2 and the mass splitting formula to third order [70] ,
ρ2 − τ2 − τ4 = κ (mc) m
2
b mc∆mB −mbm2c ∆mD
mb −mc κ (mc) , (3.46)
to reduce the number of free parameters. A positive value of ρ1 is imposed in accordance
with vacuum saturation [57] and is drawn from the range [0, 0.125] GeV3. The unknown
matrix elements are then drawn from a flat distribution, the unknown third order terms
are drawn from between ±0.125GeV3 while λ1 in drawn from [−600, 0] MeV2 in accor-
dance with its full constrained range from the BLLM fit. We then extract the following







1S λ1 λ2 λ1 Λ1S λ2 Λ1S
0 0.0163 0.09 0.08 -0.03 -4.87 1.33 -1.85 2.04
0.5 0.0152 0.08 0.07 -0.03 -4.78 1.34 -1.79 2.07
0.7 0.0153 0.08 0.07 -0.03 -4.65 1.35 -1.70 2.09
0.9 0.0167 0.09 0.07 -0.04 -4.48 1.37 -1.56 2.12
1.1 0.0195 0.10 0.08 -0.04 -4.26 1.40 -1.36 2.17
1.3 0.0224 0.11 0.09 -0.04 -4.01 1.44 -1.10 2.25
1.5 0.0227 0.11 0.09 -0.04 -3.76 1.52 -0.77 2.38
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
0 -6.41 1.51 -1.04 -2.87 0.00 0.25
0.5 -6.48 1.39 -1.03 -2.82 0.00 0.25
0.7 -6.61 1.23 -1.01 -2.77 0.00 0.25
0.9 -6.84 0.99 -0.98 -2.69 0.00 0.25
1.1 -7.23 0.68 -0.95 -2.61 0.00 0.24
1.3 -7.88 0.28 -0.92 -2.53 0.00 0.24
1.5 -9.05 -0.22 -0.91 -2.48 0.00 0.24
1S αs
2 Contribution αs Contribution Combined O (ǫ)
Eminℓ ǫ Λ1S ǫ ǫ Λ1S ǫ ǫ Λ1S ǫ
0 0.105 0.163 0.551 0.424 0.656 0.588
0.5 0.102 0.159 0.163 -0.202 0.265 -0.043
0.7 0.099 0.154 0.099 -0.266 0.198 -0.112
0.9 0.094 0.147 0.057 -0.283 0.151 -0.136
1.1 0.089 0.140 0.029 -0.273 0.118 -0.132
1.3 0.085 0.135 0.010 -0.240 0.096 -0.112
1.5 0.083 0.133 0.002 -0.211 0.083 -0.078
Table 3.2: Coefficients of the perturbative terms and nonperturbative parameters for
S2 (E0).
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values for λ1 and Λ1S:
Λ1S=[−0.13 ± 0.05ǫ ± 0.09m3 ] GeV
λ1=[−0.24 ± 0.02ǫ ± 0.09m3 ] GeV2 . (3.47)
The perturbative errors are estimated by using the two loop running of αs to vary the
scale of αs (µ) between mb/2 < µ < 2mb. Adding the theoretical errors in quadrature
we obtain m1Sb = 4.86 ± 0.10GeV, which is in excellent agreement with the inclusive
extraction using the lepton energy moments, m1Sb = 4.84±0.10GeV [37] and in agreement
with the results of BLLM where m1Sb = 4.74 ± 0.10GeV, despite the differences in the
expansion and the larger number of observables in the fit. This extracted 1S mass
m1Sb = 4.86± 0.10GeV translates into a value of the MS mass m¯b(mb) = 4.34± 0.09GeV
which can be compared with other extractions of the MS mass [60] such as the MS mass
found by examining moments of the bb¯ production cross section [72, 73, 74, 75, 76] a
recent analysis of which finds m¯b(mb) = 4.25± 0.08GeV [77].
3.5.4 Fractional Moments
The 1/mc Expansion
In integer moments such as S1 and S2, a ΛQCD/mc expansion only enters the predicted
value of a moment through the mass transformation relationship Eq. ( 3.2 ). Fractional
moments have additional cuts in the complex q ·v plane due to the branch cut starting at
sH = 0 when sH is taken to a noninteger power. These branch cuts are separated from
the physical cut by a scale set by mc, as the physical branch cut begins at sH = m
2
D.
As mc → 0 these cuts coalesce and one would expect predictions for fractional moments
in this limit to be ill defined, as discussed in recent work [40]. We find an explicit
mb ΛQCD/m
2
c expansion in calculations of fractional moments of sH ; the neglected terms in
this expansion are numerically suppressed for hadronic invariant mass observables leading
to a small numerical uncertainty being introduced. This can be shown by examining a
general moment of the squared hadronic invariant mass snH . The dependence of the
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general moment as a function of n is found by performing an expansion of snH . Recall
snH = (mB
2 − mB mb (1− zˆ + yˆ) +m2b yˆ)n, (3.48)
we replace mb and mB in terms of m¯B and mΥ and expand in ΛQCD/mb the coefficients
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n (n− 1) (n− 2)
2! zˆ3
(







where the Ckl are functions of n and the nonperturbative matrix elements
2. For integer
moments this expression has no 1/z dependence. However, for non-integer moments in
this range one obtains contributions of order z−k where k ≥ n is the ceiling of the frac-
tional moment power n. As the lower limit of z is ρ = m2c/m
2
b , this corresponds to a
mb ΛQCD/mc expansion entering into the calculations of fractional moments. This expan-
sion does not seem to introduce a large uncertainty for fractional moments compared to
integer moments as the neglected class of terms are numerically suppressed for n values
in the range [0, 3] but the best way to estimate the uncertainty introduced is under study.
In the following investigation of hadronic fractional moments no additional uncertainty
is added to account for this theoretical error and we examine how known sources of error
primarily from unknown matrix elements can be reduced.
When examining a general moment snH to obtain interesting observables, we expand
in the ratio ΛQCD/mQ and then examine the n and E
min
ℓ dependence of the coefficient
2These Cii coefficient functions are reported in the Appendix.
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functions of the nonperturbative matrix elements. The essential observation motivating
this approach is that one is allowed to choose n and Eminℓ within a range of reasonably
accessible experimental values, in order to maximize the utility of a measured moment
in obtaining information on the nonperturbative matrix elements. We define a general
moment function,

























Our search of the hadronic mass moments is restricted to the parameter space,
m < 3 , n < 3 , 0.5GeV < Ecutℓi < 1.5GeV, (3.52)
to ensure a well behaved OPE. In this parameter space we find two types of moments
of interest, moments that allow the OPE to be precisely tested for deviations from ex-
periment and moments that allow one to extract the 1S mass with minimal error. We
consider each type of moment in the following sections.
OPE Testing Moments
A discrepancy of the prediction of the OPE when compared with data can come from a
number of possible sources when one is considering percent level extractions of |Vcb|: a
higher order matrix element that is being neglected could be anomalously large, the OPE
itself could not be converging or quark-hadron duality violation could effect determina-
tions [78, 79, 80, 81, 82, 47]. By finding moments where only the leading order unknown
nonperturbative parameters are suppressed and checking the predicted values against
experiment, one can assess the theoretical error that is being assigned to the inclusive
extraction of |Vcb| in a clear and unambiguous fashion. This technique [37] has recently
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been used to test the OPE in the lepton energy spectrum. Measurements of these OPE
testing observables in this spectrum indicated that the OPE is a valid description of the
data to the percent level [83]. It is important to note that the OPE testing moments
presented allow one to check that the error assigned in the extractions of |Vcb| and mb is
large enough to account for all of these possible effects if the OPE testing moments prop-
erly describe the data [84]. A selection of these OPE testing moments for the hadronic
invariant mass spectrum is presented in Table 7. The nonperturbative parameters for
these moments are not suppressed except for the leading unknown nonperturbative terms
Λ1S and λ1. A typical OPE testing moment is as follows,



















































Varying the unknown parameters in the same way, and treating the leading or-
der nonperturbative parameters as unknowns and varying them over the region Λ1S =
−0.13± 0.1GeV, λ1 = −0.3± 0.3GeV2, this moment is predicted to be
D1a=0.7686± 0.0018ǫ ± 0.0040N.P. . (3.54)
The perturbative error is obtained by the scale variation in the standard way. As in the
lepton spectra, the OPE testing moments are such that with no nonperturbative input
other than the known value of λ2, we can predict the value of a moment to an accuracy
of 1%.
As the error on the nonperturbative terms is reduced with global fits, it is important
to cross check with the predicted and measured values of these moments in order to ensure





1S λ1 λ2 λ1 Λ1S λ2 Λ1S
D1a 0.7779 -0.028 0.01 0.00 0.00 -0.04 -0.01 -0.06
D2b 0.8845 -0.019 0.00 0.00 0.00 -0.02 -0.01 -0.03
D3c 0.7829 0.047 0.10 0.04 0.00 -0.13 -0.03 -0.16
D4d 1.9030 0.166 -0.08 -0.03 0.00 0.22 0.08 0.38
D5e 2.428 0.040 -0.46 -0.20 0.00 0.66 0.19 0.99
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
D1a 0.05 -0.00 0.00 0.03 -0.01 -0.01
D1b 0.03 0.00 0.00 0.01 -0.01 -0.01
D1c 0.06 0.03 0.00 0.03 -0.02 -0.02
D1d -0.27 0.00 -0.01 -0.15 0.06 0.07
D1e -0.62 -0.08 -0.03 -0.29 0.12 0.14
1S αs
2 Term αs Term Combined O (ǫ) Predicted Value
ǫ Λ1S ǫ ǫ Λ1S ǫ ǫ Λ1S ǫ
D1a -0.001 -0.005 -0.006 -0.001 -0.007 -0.007 0.7686 ±0.0018ǫ± 0.0040(n.p.)
D2b -0.001 -0.003 -0.005 -0.004 -0.006 -0.007 0.8804 ±0.0014ǫ± 0.0025(n.p.)
D3c -0.001 -0.004 -0.005 -0.012 -0.006 -0.016 0.7582 ±0.0016ǫ± 0.0067(n.p.)
D4d 0.006 0.029 0.025 -0.012 0.030 0.017 1.9448 ±0.0078ǫ± 0.026(n.p.)
D5e 0.010 0.050 0.026 -0.036 0.036 0.014 2.5380 ±0.0102ǫ± 0.047(n.p.)
Table 3.3: Coefficients of the OPE testing Moments and their predicted value. The
OPE testing moments in the table are defined as follows, D1a = S [2.0, 0.5, 2.2, 0.7],
D2b = S [1.9, 0.6, 2, 0.7] , D
3
c = S [2.6, 0.6, 2.9, 1], D
4
d = S [2.4, 1, 1.9, 0.8] and D
5
e =
S [2.9, 1.4, 2.2, 1.3].
the error on |Vcb| and m1Sb is not being underestimated. Table 3.3 present a selection of
OPE testing moments in the parameter space examined.
Moments to measure m1Sb with minimal error
Moments that allow a direct measurement of the b quark mass with minimal dependence
on the unknown λ1 nonperturbative parameter have also been found. Moments of this
type are important as a measurement of m1Sb to this precision will be an important step
in reducing the error on |Vub| as well as extracting |Vcb|. These moments are particularly
suited to being used in a fit to extract the 1S mass. An example of this type of moment
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is






















































Note that moments of this type have a strong dependence on Λ1S and a weak dependence
on λ1 while the coefficients of the higher order terms in the nonperturbative series are
not suppressed. These moments are thus well suited to measure the b quark mass with
minimal error as the largest source of theoretical error is suppressed in a controlled
fashion. Estimating the error on the extraction in the usual way one finds the m1Sb mass
extracted from this moment will have a theoretical error due to unknown matrix elements
and perturbative terms of ±50MeV(N.P.) ± 3MeV (ǫ), where the error is dominated
by the unknown nonperturbative corrections at third order. Adding these errors in
quadrature one obtains a theoretical error in the extraction ∼ 50MeV. It is important
to experimentally measure moments of this type for a precise value of the b quark mass
to be extracted from this spectrum. This error assessment in the extraction of m1Sb is
assigned in accordance with how theoretical error is assigned in the OPE testing moments.
By measuring both the OPE testing moments and the moments presented in this section,
one can extract m1Sb with an experimentally tested theoretical error; comparisons of the b
quark mass extracted in this way with extractions using other techniques will be a useful
cross check of theoretical techniques. A selection of moments of this type is given in
Table 3.4.





1S λ1 λ2 λ1 Λ1S λ2 Λ1S
B1a 51.9318 35.300 6.06 -1.09 0.93 8.51 3.01 22.32
B2b 10.2470 4.850 1.38 0.37 0.02 1.74 0.43 3.25
B3c 12.2674 6.116 1.48 0.28 0.31 1.35 0.79 3.62
B4d 4.7852 1.659 0.55 0.20 0.10 0.55 0.16 0.93
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
B1a -13.63 2.01 0.00 -14.30 6.51 5.22
B1b -2.84 -0.03 -0.04 -2.03 0.88 0.72
B1c -3.50 0.24 0.00 -2.43 1.10 0.88
B1d -0.95 -0.11 0.01 -0.62 0.30 0.23
1S αs
2 Term αs Term Combined O (ǫ) Error in 1S mass extraction
ǫ Λ1S ǫ ǫ Λ1S ǫ ǫ Λ1S ǫ
B1a -0.003 2.231 4.345 -0.536 4.343 1.70 ±3MeV ǫ ± 50MeV (N.P.)
B2b 0.042 0.353 0.383 -0.336 0.426 0.017 ±5MeV ǫ ± 55MeV (N.P.)
B3c 0.042 0.454 0.564 -0.318 0.606 0.137 ±1MeV ǫ ± 54MeV (N.P.)
B4d 0.017 0.121 0.090 -0.158 0.107 -0.004 ±2MeV ǫ ± 59MeV (N.P.)
Table 3.4: The parameters of moments to measure the 1S mass and the error estimated in
using the moment to extract the 1S mass. In the table above the moments are defined in
the following way B1a = S [3, 0.5, 0.5, 0.9], B
2
b = S [2.4, 0.5, 1.2, 1.3], B
3
c = S [2.5, 0.5, 1, 1]
and B4d = S [2, 0.5, 1.3, 1.3].
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3.5.5 Conclusions
We have presented the O(αs) corrections to the structure functions of the hadronic
tensor for B → Xc ℓ ν¯ . The O(αs) and O(αs ΛQCD/mb) perturbative corrections for
lepton energy moments and hadronic invariant mass moments have been calculated. The
effects of the charm quark expansion in fractional moments was shown to be small and
moments that allow one to extract the nonperturbative parameters revelant for a percent
level determination of |Vcb| from inclusive B decay were presented. Using the techniques
outlined, a b quark mass measurement with a theoretical error at the 50MeV or better
should be possible using the inclusive semileptonic decay data. This theoretical error
assessment, including the assumption of negligible quark-hadron duality violation that
this analysis relies upon, is directly testable with the OPE testing moments presented in
this thesis. Fits based on the results presented should allow an extraction of |Vcb| with
∼ 2% theoretical error. As the lepton energy cut dependence of the O(αs ΛQCD/mb)
term is now known, the largest estimated theoretical uncertainty in inclusive extractions
of |Vcb| and m1Sb comes from the O(α2s) corrections.
3.6 General Fit Results
3.6.1 Introduction
In the last few years there has been intense theoretical and experimental activity directed
toward a precise determination of the Cabibbo-Kobayashi-Maskawa (CKM) matrix ele-
ment |Vcb| from combined fits to inclusive semileptonic B decay distributions [39, 85, 86,
87]. The idea is that using the operator product expansion (OPE), sufficiently inclusive
observables can be predicted in terms of |Vcb|, the b quark mass, mb, and a few nonper-
turbative matrix elements that enter at order Λ2QCD/m
2
b and higher orders. One then
extracts these parameters and |Vcb| from shapes of B decay spectra and the semileptonic
B decay rate. This program also tests the consistency of the theory and the accuracy
of the theoretical predictions for inclusive decay rates. This is important also for the
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determination of |Vub|, whose error is a major uncertainty in the overall constraints on
the unitarity triangle.
The OPE shows that in the mb ≫ ΛQCD limit inclusive B decay rates are equal to
the b quark decay rates [15, 16, 17, 18], and the corrections are suppressed by powers of
αs and ΛQCD/mb. High-precision comparison of theory and experiment requires a precise
determination of the heavy quark masses, as well as the nonperturbative matrix elements
that enter the expansion. These are λ1,2, which parameterize the nonperturbative cor-
rections to inclusive observables at O(Λ2QCD/m2b). At order Λ3QCD/m3b , six new matrix
elements occur, usually denoted by ρ1,2 and T1,2,3,4.
In this section, we perform a global fit to the available inclusive decay observables
from BABAR, BELLE, CDF, CLEO, and DELPHI, including theoretical expressions




b . A potential source of uncertainty
in the OPE predictions is the size of possible violations of quark-hadron duality [47].
Studying B decay distributions is the best way to constrain these effects experimentally,
since it should influence the relationship between shape variables of different spectra. We
find that at the current level of precision, there is excellent agreement between theory
and experiment, with no evidence for violations of duality in inclusive b→ c decays.
A previous analysis of the experimental data was presented in 2002 [39]. There has
been considerable new data since then, which has been included in the present analysis,
and reduces the errors on |Vcb| and mb. In addition, the αsΛQCD/mb corrections to the
hadronic invariant mass spectrum as a function of the lepton energy cut have now been
computed [38], and are included in the present analysis. This reduces the theoretical
uncertainty on the hadronic mass moments. We also compare our results with other
recent analyses [40, 85, 87].
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3.6.2 Possible Schemes
The inclusive B decay spectra depend on the masses of the b and c quarks, which can
be treated in many different ways. The b quark is treated as heavy, and theoretical
computations for B(∗) decays are done as an expansion in powers of ΛQCD/mb. The use
of the 1/mb expansion is common to all methods.
The decay rates for B → Xc decay depend on the mass of the c quark, for example,
through its effect on the decay phase space. One can treat the c quark as a heavy quark.
This allows one to compute theD(∗) meson masses as an expansion in powers of ΛQCD/mc.
The observed D(∗) masses can be used to determine mc. Since the computations are
performed to Λ3QCD/m
3




c in mc, which




c) in the inclusive B decay rates, since charm
mass effects first enter at order m2c/m
2
b . In this method, one starts with the parameters
|Vcb|, mb, mc, λ1,2, ρ1,2 and T1−4. The B∗ − B, D∗ − D and B − D mass differences
can be used to eliminate mb −mc, λ2 and ρ2. Only mass differences are used to avoid
introducing the parameter Λ¯ of order ΛQCD; thus we do not use the B meson mass to
eliminate mb. Three linear combinations of the four Ti’s occur in inclusive B decays, and
the remaining linear combination would be needed for inclusive B∗ decays. In summary
the parameters used are (i) |Vcb|; (ii) one parameter of order the quark mass: mb; (iii)
one parameter of order Λ2QCD: λ1; and (iv) four parameters of order Λ
3
QCD: ρ1, T1 − 3T4,
T2 + T4, T3 + 3T4. These seven parameters are determined by a global fit to moments of
the B decay distributions, and the semileptonic branching ratio. This is the procedure
used in Ref. [39].
An alternative approach is to avoid using the 1/mc expansion for the charm quark [40],
since it introduces ΛQCD/mc corrections, which are larger than the ΛQCD/mb corrections
of the 1/mb expansion. In this case heavy quark effective theory (HQET) can no longer
be used for the c quark system, and there are no constraints on mc from the D and D
∗
meson masses. At the same time, it is not necessary to expand heavy meson states in
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an expansion in 1/mb,c, so that the time-ordered products T1−4 can be dropped. With
this procedure, one has in addition to (i) |Vcb|; (ii) two parameters of order the quark
mass: mb,c; (iii) two parameters of order Λ
2
QCD: λ1,2; and (iv) two parameters of order
Λ3QCD: ρ1,2. The number of parameters is the same whether or not one expands in
1/mc. If one does not expand, two parameters of order Λ
3
QCD are replaced by two lower
order parameters, one of order the quark mass, and one of order Λ2QCD. The expansion
parameters, such as λ1,2 are not the same in the two approaches. The values of λ1,2 not
expanding the states in 1/mQ are the values of λ1,2 plus various time-ordered products
T1 − T4 when one expands the states in powers of 1/mQ.
In addition to the choice of expanding or not expanding in 1/mc, one also has a
choice of possible quark mass schemes. It has long been known that a “threshold mass”
definition for mb is preferred over both the pole and the MS schemes, and it was shown
in Ref. [39] that the expansions are indeed better behaved in the 1S [46] or PS [88]
schemes for mb. If one expands in 1/mc, then mc is eliminated through use of the meson
masses, and does not enter the final results. If one does not expand in 1/mc, then mc
is a fit parameter. In this method, mc is treated as much lighter than mb, so the charm
quark mass is chosen to be mc(µ), the MS mass renormalized at a scale µ ∼ mb. This is
similar to how strange quark mass effects could be included in B → Xsγ decay. In our
computation, we will choose the scale µ = mb.
In addition to the 1S, PS, pole and MS schemes, we have also used the kinetic scheme
mass for the b-quark, mkinb (µ), renormalized at a low scale µ ∼ 1GeV. The scale µ enters
the definition of the kinetic mass, and should not be confused with the scale parameter in
dimensional regularization. The relation between the pole and kinetic masses is computed
as a perturbative expansion in powers of αs(µ), so one cannot make µ too small. In the
kinetic scheme [40] the definitions µ2π = −λ1 +O(αs), µ2G = 3λ2, ρ3D = ρ1 + O(αs), and
ρ3LS = 3ρ2 are used.
One cannot decide which scheme is best by counting parameters, or by assuming that
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not expanding in 1/mc is better than expanding in 1/mc. Ultimately, what matters is
the accuracy to which experimentally measured quantities can be reliably computed with
currently available techniques.
We have done a fit to the experimental data using 11 schemes: the 1S, PS, pole, MS
and kinetic schemes expanding in 1/mc, not expanding in 1/mc and using mc(mb), and
finally, not expanding in 1/mc and using the kinetic scheme for both mb and mc. In
addition, the PS and kinetic schemes introduce a scale µ, which is sometimes called the
factorization scale. We have also examined the factorization scale dependence which is
present in these two schemes. We confirm the conclusions of Ref. [39], that the pole and
MS schemes are significantly worse than the threshold mass schemes, as expected theo-
retically. This holds regardless of whether or not one expands in 1/mc. We recommend
that these schemes be avoided for high precision fits to inclusive B decays. We also find
that the PS scheme gives results comparable to those of the 1S scheme (both expanding
and not expanding in 1/mc), and that the PS scheme results do not significantly depend
on the choice of factorization scale. We compared the PS scheme with the 1S scheme in
Ref. [39], and do not repeat the results here.
Based on the above discussion, we present our results in five different mass schemes,
using:
1. m1Sb and expand mb −mc in terms of HQET matrix elements [Scheme 1SEXP],
2. m1Sb and mc(mb) and no time ordered products [Scheme 1SNO],
3. mkinb (µ = 1GeV) and expand mb −mc [Scheme kinEXP],
4. mkinb (µ = 1GeV) and mc(mb) [Scheme kinNO],
5. mkinb (µ = 1GeV) and m
kin
c (µ = 1GeV) [Scheme kinUG].




b , while they
are absent from 1SNO, kinNO, and kinUG. As discussed, the latter three schemes have
the charm quark mass as an additional parameter at leading order in ΛQCD/mb. Scheme
1SEXP is that used in Ref. [39], while scheme kinUG is that used in Ref. [40].
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3.6.3 Shape variables and the data
We study three different distributions, the charged lepton energy spectrum [89, 49, 63, 50]
and the hadronic invariant mass spectrum [69, 70, 66, 63, 38] in semileptonic B → Xcℓν¯
decays, and the photon spectrum in B → Xsγ [90, 91, 92, 93]. The theoretical predictions
for these (as well as for the semileptonic B → Xcℓν¯ rate [94]) are known to order α2sβ0
and Λ3QCD/m
3
b , where β0 = 11 − 2nf/3 is the coefficient of the first term in the QCD
β-function. For the B → Xℓν¯ branching rate, we use the average of the B± and B0 data
as quoted in the PDG [4],3
B(B → Xℓν¯) = 10.73± 0.28%. (3.56)
We apply a relative −2% correction to B(B → Xℓν¯) to account for the B → Xuℓν¯
fraction, and so use
B(B → Xcℓν¯) = 0.98 B(B → Xℓν¯). (3.57)
The uncertainty of |Vub| is not a dominant error in B(B → Xcℓν¯). The fit result for |Vcb|
depends not only on B(B → Xcℓν¯), but also on the partial semileptonic branching ratios
measured by the BABAR Collaboration [95], which have smaller errors than Eq. (3.56).
The published BABAR results have already been corrected for B → Xuℓν¯ contamination.
Lifetime
The value of |Vcb| depends on the B meson lifetimes. The ratio of B+ and B0 lifetimes is
τ+/τ0 = 1.086±0.017 [4]. Isospin violation in the B meson semileptonic width is expected
to be smaller than both τ+/τ0 and the uncertainties in the current analysis. The ≈ 8%
isospin violation in the lifetimes is probably due to the nonleptonic decay channels.
An additional source of isospin violation in the experimental measurements is through
the production rates of B+ and B0 mesons, which is expected to be of the order of a few
3It would be inconsistent to use the average b hadron semileptonic rate (including Bs and Λb states),
since hadronic matrix elements have different values in the B/B∗ system, and in the Bs/B
∗
s or Λb.
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percent to perhaps as large as 10% [96]. Let f+ and f0 be the fraction of B
+ and B0
mesons produced in Υ(4S) decay, with f+ + f0 = 1. Then the measured semileptonic
branching ratios are






where B and Γsl are computed with the same lepton energy cut. In writing Eq. (3.58),
we have used the fact that isospin violation in the semileptonic rates is small, so that the
same value for Γsl is used for both B
+ and B0.
The measured semileptonic branching ratios can thus be written as
B = τeff Γsl (3.59)
in terms of the effective lifetime
τeff = f+τ+ + f0τ0. (3.60)





(f+ − f0)(τ+ − τ0)
2
. (3.61)
Using the PDG 2004 lifetime values, and the measured f+/f0 ratio [97] gives
τeff = 1.60± 0.01 ps (3.62)
where the contribution from the second term in Eq. (3.61) is negligible to both the value
and the error.
Lepton Moments




(Eℓ − µ)n dΓ
dEℓ
dEℓ , (3.63)
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where dΓ/dEℓ is the spectrum in the B rest frame and Ecut is a lower cut on the lepton






and central moments by




which can be determined as a linear combination of the non-central moments.
The BABAR Collaboration [95] measured the partial branching fraction τBR0(Ecut, 0),
the mean lepton energy 〈Eℓ〉Ecut, and the second and third central moments 〈(Eℓ − 〈Eℓ〉)
n〉Ecut
for n = 2, 3, each for lepton energy cuts of Ecut = 0.6, 0.8, 1.0, 1.2, and 1.5 GeV. The
BELLE Collaboration [98] measured the mean lepton energy and the second central
moment for lepton energy cuts of Ecut = 0.6, 0.8, 1.0, 1.2, and 1.5 GeV. The CLEO
Collaboration [86, 99] measured the mean lepton energy and second central moment (vari-
ance) for Ecut = 0.7 − 1.6 GeV in steps of 0.1 GeV. The DELPHI Collaboration [100]
measured the mean lepton energy, and the n = 2, 3 central moments, all with no energy
cut.
In total, we have 53 experimental quantities from the lepton moments, 20 from
BABAR, 10 from BELLE, 20 from CLEO, and 3 from DELPHI.
Hadron Moments













where Ecut is again the cut on the lepton energy. Sometimes m
2
D ≡ [(mD + 3mD∗)/4]2
is subtracted out in the definitions, 〈(m2X −m2D)n〉, or the measurements of the normal
moments are quoted, 〈(m2X − 〈m2X〉)n〉, but these can easily be computed from 〈m2nX 〉.
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m4X (i.e., n = 1/2, 1, 3/2, 2 moments) for lepton energy cuts Ecut = 0.9 − 1.6 GeV
in steps of 0.1 GeV. The BELLE Collaboration [102] measured the mean values of mX
and m2X for lepton energy cuts Ecut = 0.9 − 1.6 GeV in steps of 0.1 GeV. The CDF
Collaboration [103] measured the mean value of m2X and its variance, with a lepton
energy cut Ecut = 0.7 GeV. The CLEO Collaboration [104] measured the mean value
of m2X − m2D and the variance of m2X for lepton energy cuts of 1.0 and 1.5 GeV. The
DELPHI Collaboration [100] measured the mean value of m2X −m2D, (m2X −m2D)2, the
variance of m2X , and the third central moment of m
2
X , all with no energy cut.
Recently half-integer moments of the m2X spectrum [40, 38] have received some atten-
tion. While non-integer moments of the lepton energy spectrum have been computed in
a power series in 1/mb [37], this is not true for fractional moments of the m
2
X spectrum.
In [40, 38] expressions for the half-integer moments were proposed which involve expan-
sions that were claimed to be in powers of ΛQCD/mc. However, in the limit mc ≪ mb
(i.e., mc of order
√
mbΛQCD or less), the higher order terms in these expansion scale with
powers of mbΛQCD/m
2
c , which in this limit is of order unity or larger. On the other hand,
in the small velocity limit, mb ∼ mc ≫ mb −mc ≫ ΛQCD, the expansion of 〈m2n+1X 〉 is
well-behaved. Thus, the calculations of the half-integer moments as presented in [40, 38]
do not correspond to a power series in 1/mb,c in the mc ≪ mb limit and omitted terms are
only power suppressed in the small velocity limit. In addition, the BLM corrections to
these moments are currently unknown, because they require the BLM contribution from
the virtual terms, which have not been computed. For these reasons we will not use these
half-integer moments in the fit, but will compare the fit results with the measured val-
ues. Omitting the half-integer moments, there are 16 data points from BABAR, 8 from
BELLE, 2 from CDF, 4 from CLEO, and 4 from DELPHI, for a total of 34 measurements.
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Photon Spectrum













where dΓ/dEγ is the photon spectrum in the B rest frame, and Ecut is the photon energy
cut. In this case the variance, 〈(Eγ − 〈Eγ〉)2〉 = 〈E2γ〉 − 〈Eγ〉2, is often used instead
of the second moment, and higher moments are not used as they are very sensitive
to the boost of the B meson in the Υ rest frame (though this is absent if dΓ/dEγ is
reconstructed from a measurement of dΓ/dEmXs ) and to the details of the shape function.
〈Enγ 〉 are known to order α2sβ0 [92] and Λ3QCD/m3b [93]. These moments are expected to
be described by the OPE once mB/2 − Ecut ≫ ΛQCD. Precisely how low Ecut has to
be to trust the results can only be decided by studying the data as a function of Ecut;
one may expect that Ecut = 1.8GeV available at present [105] is sufficient. Note that
the perturbative corrections included are sensitive to the mc-dependence of the b→ cc¯s
four-quark operator (O2) contribution. This is a particularly large effect in the O2 − O7
interference [92], but its relative influence on the moments of the spectrum is less severe
than that on the total decay rate.
We use the BELLE [105], and CLEO [106] measurements of the mean photon energy
and variance, with photon energy cuts of 1.8 and 2.0 GeV, respectively, and the BABAR
measurement [107] of the mean photon energy with a cut of 2.094 GeV for a total of 5
measurements.
3.6.4 Fit Procedure
As discussed in Sec. 3.6.2, there are many ways to treat the quark masses and hadronic
matrix elements that occur in the OPE results for the spectra. In the schemes where
mb −mc is expanded in HQET (such as 1SEXP and kinEXP), the theoretical expressions
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for the shape variables defined in Eqs. (3.63), (3.66), and (3.67) include 17 terms
XEcut = X
(1) +X(2) Λ+X(3) Λ2 +X(4) Λ3 +X(5) λ1




+ X(10) ρ2 +X
(11) T1 +X(12) T2 +X(13) T3
+ X(14) T4 +X(15) ǫ+X(16) ǫ2BLM +X(17) ǫΛ ,
(3.68)
while in the schemes when mc is treated as an independent free parameter (such as 1SNO,
kinNO, and kinUG), we have 22 terms
YEcut = Y
(1) + Y (2) Λ + Y (3) Λc + Y
(4) Λ2 + Y (5) ΛΛc
+ Y (6) Λ2c + Y
(7) Λ3 + Y (8) Λ2Λc + Y
(9) ΛΛ2c
+ Y (10) Λ3c + Y
(11) λ1 + Y
(12) λ2 + Y
(13) λ1Λ
+ Y (14) λ2Λ + Y
(15) λ1Λc + Y
(16) λ2Λc + Y
(17) ρ1
+ Y (18) ρ2 + Y
(19) ǫ+ Y (20) ǫ2BLM + Y
(21) ǫΛ
+ Y (22) ǫΛc . (3.69)
In Eqs. (3.68) and (3.69) Λ and Λc are respectively the differences between the b and c
quark masses and their reference values about which we expand. The coefficients X(k)
and Y (k) are functions of Ecut, and (XEcut, YEcut) are any of the experimental observables
discussed earlier. The parameter ǫ ≡ 1 counts powers of αs. We have used αs(mb) = 0.22.
The strong coupling constant is not a free parameter, but is determined from other
measurements such as the hadronic width of the Z. The hadron and lepton moments are
integrals of the same triple differential decay rate with different weighting factors. The
use of different values of αs for the hadron and lepton moments, as done in Ref. [40], is
an ad hoc choice.
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3.6.5 The Fit
We use the program MINUIT to perform a global fit to all observables introduced in
Sec. 3.6.3 in each of the 11 schemes mentioned in Sec. 3.6.2. There are a total of 92
lepton, hadron, and photon moments, plus the semileptonic width, to be fit using 7
parameters, so the fit has ν = 86 degrees of freedom.
To evaluate the χ2 required for the fit, we include both experimental and theoreti-
cal uncertainties. For the experimental uncertainties we use the full correlation matrix
for the observables from a given differential spectrum as published by the experimen-
tal collaborations. In addition to these experimental uncertainties there are theoretical
uncertainties, which correspond to how well we expect to be able to compute each ob-
servable theoretically. For a given observable, our treatment of theoretical uncertainties
is similar to that in Ref. [39].
It is important to include theoretical uncertainties in the fit, since not all quantities
can be computed with the same precision. We have treated theoretical errors as though
they have a normal distribution with zero mean, and standard deviation equal to the
error estimate.4 Strictly speaking, the theoretical formula has some definite higher order
correction, which is at present unknown. One can then view the normal distribution used
for the theory value as the prior distribution in a Bayesian analysis. The way in which
theoretical errors are included is a matter of choice, and there is no unique prescription.
We now discuss in detail the theoretical uncertainties included in the fit. Those who
find this procedure abhorrent can skip the entire discussion, since we will also present
results not including theory errors.
4This is the same procedure as that used in doing a fit to the fundamental constants [108]. An example
which makes clear why theoretical errors should be included is: The Hydrogen hyperfine splitting is
measured to 14 digits, but has only been computed to 7 digits. The Positronium hyperfine splitting is
measured and computed to 8 digits. It would not be proper to give the H hyperfine splitting a weight
106 larger than the Ps hyperfine splitting in a global fit to the fundamental constants.
Chapter 3. Improving Extractions of |Vcb| and mb 71
Theory uncertainties
Theoretical uncertainties in inclusive observables as discussed here originate from four
main sources. First, there are uncertainties due to uncalculated power corrections. For






c) ∼ 0.001, while for schemes





0.0001. Next, there are uncertainties due to uncalculated higher order perturbative
terms. In particular, the full two loop result proportional to α2s/(4π)
2 ∼ 0.0003 is not
available. An alternative way to estimate these perturbative uncertainties is by the
size of the smallest term computed in the series, which is the term proportional to
α2sβ0. We choose here to use half of this last computed term as an estimate of the





Finally, there is an uncertainty originating from effects not included in the OPE in the
first place. Such effects sometimes go under the name “duality violation,” and are very
hard to quantify. For this reason, we do not include an explicit contribution to the overall
theoretical uncertainty from such effects. If duality violation would be larger than the
other theoretical uncertainties they would give rise to a poor fit to the data. To determine
the uncertainties for dimensionful quantities such as the moments considered here, we
have to multiply these numbers by the appropriate dimensionful quantity. This number is
obtained from dimensional analysis, and we use for the n’th hadronic moment (m2B)
nfn,
while we use (mB/2)
nfn for the n’th leptonic moment. The factors fn are chosen to be
f0 = f1 = 1, f2 = 1/4 and f3 = 1/(6
√
3). The values for f2 and f3 are the maximum
allowed values for the second and third central moments (variance and skewness) for a
probability distribution on the interval [0, 1].
The complete BLM piece has not been computed for the non-integer hadronic mo-




2 ∼ 0.003. We will use A ∼ 0.003 for the non-integer hadronic moments when
we compare experiment with theory.
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For the hadronic mass and lepton energy moments, which depend on the value of the
cut on the lepton energy, we have to decide how to treat the correlation of the theoretical
uncertainties. In the global fit by the BABAR Collaboration [87], the theory errors for a
given observable with different cuts on Eℓ were treated as 100% correlated. This ignores
the fact that the higher order terms omitted in the OPE depend on the lepton energy
cut. In Ref. [39], only the two extreme values of the lepton energy cut were included
in the fit, and the correlation of the theory uncertainties was neglected. Here we take
the correlation of the theoretical uncertainties to be given by the correlation between
the experimental measurements, which captures the correlations due to the fact that
observables with different cuts share some common events.
For the photon energy moments an additional source of uncertainty is the fact that
the presence of any experimentally sensible value for Ecut affects the mean photon energy
〈Eγ〉 such that the extracted value of mb is biased toward larger values because of shape
function effects [93]. However, this shift cannot be calculated model independently.
Rather than include a model dependence, we have multiplied the theory uncertainties
for the b→ sγ rates by the ratios of the energy difference from the endpoint, relative to
that for BELLE with Ecut = 1.8 GeV.
5
To summarize, we define the combined experimental and theoretical error matrix for
a given observable to be
σ2ij = σi σj cij , no sum on i, j , (3.70)










for the n’th hadron moment ,
5The B → Xsγ photon spectrum also receives contributions of order m2s/m2b , which are negligible
corrections for our analysis.














for the n’th photon moment , (3.71)
and f0 = f1 = 1, f2 = 1/4, f3 = 1/(6
√
3). Here σexpi are the experimental errors,
Bi = X
(16) or Y (20) are the coefficients of the last computed terms in the perturbation
series, and A contains the errors discussed earlier. We take A = 0.001 for the data used
in the fit, except for the CLEO and BABAR photon moments, where we multiply A
by 1.3 and 1.5, respectively, to account for the increase in shape function effects as one
limits the allowed region of the photon spectrum.
We stress that there is no unique way to estimate theoretical uncertainties to a given
expression. Thus, while we believe that our estimates are reasonable, it is certainly
not the only possible way to estimate the theory uncertainties (e.g., taking the theory
correlation to be identical to the experimental correlations is just an educated guess).
Experimental correlations
Some of the experimental correlation matrices have negative eigenvalues. In some cases,
these are at the level of round-off errors. To avoid these negative values, we have added
0.01 to the diagonal entries for the correlation matrices for the BABAR and CLEO lepton
moments, and the DELPHI hadron moments.
The correlation matrix for the BABAR hadronic moments [87] contains negative
eigenvalues which are much larger than any round-off uncertainties. This persists even if
only every second value of the cut is used, as advocated in [87], so we are forced to add
0.05 to the diagonal entries of the correlation matrix for the BABAR hadron moments
to make the eigenvalues positive. Note that the correlation matrix can have negative
eigenvalues only if the probability distribution can take on negative values.
The preliminary correlation matrix for the BELLE lepton and hadron moments was
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Figure 3.4: Fit results for |Vcb| and mb in the 1SEXP, 1SNO, kinEXP, kinNO, and kinUG
schemes and in the traditional pole scheme. The red doted, blue dashed, and black solid
ellipses denote the results at tree level, order αs, and α
2
sβ0, respectively, corresponding
to ∆χ2 = 1.
used in the fit [109].
Constraints on parameters
Even though there are many more observables than there are parameters, the fit does
not provide strong constraints on the 1/m3b parameters. Thus it is useful to add addi-
tional information to ensure that the fit converges to physically sensible values of the




0 , |〈O〉| ≤ m3χ ,[
|〈O〉| −m3χ
]2
/M6χ , |〈O〉| > m3χ ,
(3.72)
where (mχ,Mχ) are both quantities of order ΛQCD, and 〈O〉 are the matrix elements of
any of the 1/m3 operators in the fit. This way we do not prejudice 〈O〉 to have any
particular value in the range |〈O〉| ≤ m3χ. In the fit we take Mχ = mχ = 500MeV.
We checked in Ref. [39] that the results for |Vcb| and mb are insensitive to varying mχ
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Scheme σ2theory χ
2/ν |Vcb| × 103 m1Sb [GeV] mb −mc [GeV]
1SEXP yes 50.9/86 41.4± 0.6 4.68± 0.03 3.41± 0.01
kinEXP yes 52.6/86 41.2± 0.6± 0.1 4.70± 0.03± 0.03 3.40± 0.01± 0.01
1SEXP no 148.4/86 41.5± 0.3 4.69± 0.02 3.39± 0.01
kinEXP no 238.8/86 41.1± 0.3± 0.7 4.74± 0.01± 0.11 3.36± 0.01± 0.04
Scheme σ2theory mc(mc) [GeV] λ1 [GeV
2]
1SEXP yes 1.07± 0.04 −0.27± 0.04
kinEXP yes 1.09± 0.03± 0.03 −0.19± 0.04± 0.04
1SEXP no 1.09± 0.02 −0.31± 0.03
kinEXP no 1.15± 0.01± 0.11 −0.33± 0.03± 0.11
Table 3.5: Fit results for |Vcb|, mb, mc and λ1 in the 1SEXP and kinEXP schemes. Our
fits in the kinetic scheme use µ2π, but the result is converted to λ1 to help comparison.
The first two lines are the fit results including our estimates of the theoretical errors, the
lower two lines are setting these to zero. The second error for the kinEXP scheme is the
shift due to changing µ from 1 to 1.5 GeV.
between 500 MeV and 1 GeV. The data are sufficient to constrain the 1/m3b operators
in the sense that they can be consistently fit with reasonable values, but they are not
determined with any useful precision. The data can be fit without including χ2param, but
then some of the 1/m3b parameters are not of natural size, with values of order 0.5 GeV
3.
Including χ2param gives a fit with reasonable values of the parameters, of order 0.1 GeV
3.
The contribution of χ2param is rather small, of order 0.1−0.2, so that χ2param does not drive
the fit. This shows that there are some very flat directions in parameter space which
are stabilized by including χ2param. We have shown our final results for Vcb and mb with
and without including χ2param in the fit. The final results do not depend significantly on
whether or not χ2param is included.
Note that the fit performed by the BABAR Collaboration included the half-integer
hadronic moments. We have checked that including these moments still leaves some 1/m3b
parameters with values larger than natural size. We have chosen to not include these
moments in the fit since they have large theoretical uncertainties.
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Figure 3.5: Measurements (blue squares: BABAR [101, 95], green triangles: CLEO [104,
99], black dots: BELLE [102, 98]) and fit results for the hadron invariant mass (left)
and the lepton energy moments (right) as functions of the lepton energy cut, Ecut. For
the hadron moments mnX denotes 〈mnX〉, while for the lepton moments BR is branching
ratio, M1 is first moment, and M2 and M3 are the second and third central moments,
respectively. The red (dark) shaded regions show the fit error, while the yellow (light)
shaded regions are our estimates of the theoretical uncertainties from the A terms in
Eq. (3.71). The A term for 〈mX〉 and 〈m3X〉 is three times larger than for 〈m2X〉 and
〈m4X〉, because of the worse expansion for the non-integer moments.
3.6.6 Fit Results and Discussion
The fit result for |Vcb| and mb in the five mass schemes and in the traditional pole
scheme are shown in Fig. 3.4. The fit results are shown at tree level, order αs, and
order α2sβ0. The kinetic scheme results are obtained using µ
2
π etc. in the fit, and then
converting the results back to λ1 etc. for easier comparison with the other schemes.
One can see that the 1SEXP and kinEXP schemes have better convergence than the pole
scheme. The main fit results in the 1SEXP and kinEXP scheme are given in Table 3.5.
The quoted |Vcb| values include electromagnetic radiative corrections, that reduce6 |Vcb|
by ηQED = 1 + (αem/π) ln(mW/µ) ≈ 1.007. The remarkable agreement between the fit
results shows that the main difference in the fits is not which short distance b quark mass
6In the preprint version of this paper and in Refs. [39, 46] the inverse of this factor was used erro-
neously, which enhanced |Vcb|. We thank O. Buchmuller for pointing this out.
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Figure 3.6: Measurements and fit results for the hadron invariant mass and the lepton
energy moments, setting all theory errors to zero in the fit. (See the caption for Fig. 3.5.)
The yellow (light) shaded band gives the estimated theoretical uncertainty, as in Fig 3.5.
It is not included in the fit, but it can help to decide the significance of any differences
between theory and experiment.
is used, but whether mb −mc is or is not expanded in terms of HQET matrix elements.
The uncertainties for the 1SEXP and kinEXP schemes, which eliminate mc, are smaller
than for the 1SNO and kinNO schemes, which use mc(mb). This is contrary to the claims
made in [40], but is not unexpected, since the former schemes have only one parameter
at leading order in 1/mb, while the latter schemes have two such parameters. While not
expanding in 1/mc gives slightly larger errors than expanding, the consistency of the
central values between the two methods shows that one can use the 1/mc expansion for
inclusive B decays.
One can clearly see that using the kinetic mass for mc (the kinUG scheme) does
not reduce the uncertainties compared to the 1SEXP and kinEXP schemes. Also, as is
now well known, the pole scheme does not work as well in inclusive calculations as the
schemes which use a short distance mass. Thus, in the remainder of this work we will
present results in the 1SEXP and in the kinEXP schemes. We have carried out the fits in 6
additional schemes, including the PS and MS schemes. All of the schemes give reasonable
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fits, but only the PS scheme with mb − mc expanded in HQET gives rise to similarly
small uncertainties as 1SEXP and kinEXP.
The charm quark mass enters into the computation, and we can extract the value
of mc from our fit. The value of mb −mc, which is free of the order ΛQCD renormalon
ambiguity, is (in the 1SEXP scheme)
mb −mc = 3.41± 0.01 GeV . (3.73)
We can convert this result to the MS mass of the charm quark,
mc(mc) = 0.90± 0.04 GeV ,
mc(mc) = 1.07± 0.04 GeV , (3.74)
where the two results depend on whether the perturbative conversion factor is reexpanded
or not.7 The reason for the large difference between the two results is that perturbative
corrections are large at the scalemc. Taking the average of the two mc values, and adding
half the difference between them as an additional error gives
mc(mc) = 0.99± 0.1 GeV . (3.75)
The difference between the mc values is a nice illustration that one should avoid using
perturbation theory at a low scale, if at all possible. The kinUG scheme uses perturbation
theory at a scale below mc, and suffers from the same problem.
Next, we compare how well the theory can reproduce the experimental measurements,
focusing on the cut dependence of individual moments. The results for the hadronic
moments and the leptonic moments are shown in Fig. 3.5 in the 1SEXP scheme. (The
DELPHI and CDF results are included in the fits, but are not shown, as they correspond
to Ecut = 0.). The red (dark) shaded band is the uncertainty due to the errors on the
fit parameter. The width of the yellow (light) shaded band is the theoretical uncertainty
7I.e., the difference between dividing by 1 + a1αs + a2α
2
s and multiplying by 1− a1αs + (a21 − a2)α2s.
Only the larger value in Eq. (3.74) has been shown in Table 3.5.
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due to higher order nonperturbative effects not included in the computation [the A term
in Eq. (3.71)]. Within the uncertainties, the OPE predictions for all these moments
agree well with the data. As we explained before, the moments 〈mX〉 and 〈m3X〉 were
not included in the fit. The yellow bands shown for 〈mX〉 and 〈m3X〉 use A = 0.003 as
an estimate of the uncertainty, a factor of three larger than for the integer moments,
because of the worse theoretical expansion discussed in Sec. 3.6.3.
The agreement between the theory and experiment for the third lepton moment is
better than our estimate of the theoretical uncertainty. This might be an indication that
we overestimate the theoretical uncertainty for this moment.
The χ2 for the fit shows that the theory provides an excellent description of the data.
In the 1SEXP scheme, we get χ
2 = 50.9 for ν = 86 degrees of freedom, so χ2/ν = 0.59. The
standard deviation for χ2/ν is
√
2/ν = 0.17, so that χ2/ν = 0.59 is about two standard
deviations below the mean value of 1.01. This is some evidence that the theoretical
errors have been overestimated. To study the effect of the theoretical uncertainties, we
also perform fits with all theoretical uncertainties set to zero. This fit gives χ2 = 148.4
for the 1SEXP scheme, and χ
2 = 238.8 for the kinEXP scheme. The resulting fits still
agree well with the experimental data, as can be seen from Fig. 3.6. The fit results with
no theory error are given in the lower half of Table 3.5. The values χ2/ν = 1.72 for the
1SEXP scheme and χ
2/ν = 2.72 for the kinEXP scheme are significantly greater than one,
which is some evidence that there are higher order theoretical effects which have not been
included.
The calculations in the kinUG scheme [40] were used by the BABAR Collaboration [87],
to perform a fit to its own data. While we agree with the results of Ref. [40] for the lepton
energy moments, we are unable to reproduce their results for the hadronic invariant mass
moments. One should also note that Ref. [40] (i) uses αs = 0.22 for the lepton moments,
and αs = 0.3 for the hadron moments (ii) includes the α
2
sβ0 corrections (which are known
for both the lepton and integer hadron moments) only in the lepton moments, but not
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in the hadron moments.
Figure 3.7: Fit results for |Vcb| andmb in the kinEXP and kinUG schemes using µb = 1 GeV
(blue and black) and using µb = 1.5 GeV (green and yellow). µc for the kinUG scheme
has been kept fixed at 1 GeV. The regions correspond to ∆χ2 = 1 (black and yellow)
and 4 (blue and green). The upper plots includes theory errors in the fit, and the lower
plot does not.
The kinEXP and kinNO schemes depend on a choice for µb. In the kinUG scheme there
is an additional dependence on µc, and there is no reason why the theoretical predictions
should be expanded using mkinb (µb) and m
kin
c (µc) defined at the same scale (µb = µc),
since all that is required is that each µ should be small, so one has to choose both µb
and µc. To illustrate the sensitivity to the choice of µb,c we show a fit in Fig. 3.7 varying
µb from 1 to 1.5 GeV keeping µc = 1GeV fixed. Clearly there is significant dependence
in the kinetic schemes with respect to changes in µ, and this should be included as
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an additional uncertainty for that scheme. We have included this scale uncertainty in
Table 3.5. The kinetic schemes use perturbation theory at a low scale µb,c, and so are
sensitive to precisely how these corrections are included, as was the case for mc(mc). The
PS scheme is much less sensitive to the value of µ. In Fig. 3.8, we show the variation
with µ in the PS scheme. Note that one advantage of the 1S scheme is that it does not
depend on any factorization scale parameter µ.
Figure 3.8: Fit results for |Vcb| and mb in the PS scheme using µ = 2 GeV (blue and
black) and using µ = 1.5 GeV (green and yellow) The regions correspond to ∆χ2 = 1
(black and yellow) and 4 (blue and green). The upper plots includes theory errors in the
fit, and the lower plot does not.
Reference [40] quotes smaller theoretical errors than the estimates used here, as can
be seen from the plots in Ref. [87]. We do not believe that this optimistic estimate of
the theoretical uncertainty is justified.
Figure 3.9 shows the results for |Vcb| andmb in the 1SEXP and kinEXP schemes with and
without including our estimate of the theoretical uncertainties. This plot also shows for
comparisonmb = 4.69±0.03GeV extracted by Hoang [58] from sum rules [77, 110] that fit
to the B¯B system near threshold, and the PDG 2004 value [4] |Vcb| = (42.0± 1.1± 1.8)×
10−3 from exclusive decays. Hoang’s determination of m1Sb is independent of the current
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Figure 3.9: Fit results for |Vcb| and mb in the 1SEXP and kinEXP schemes. The upper
plots include our estimate of the theoretical errors, the lower ones set them to zero. The
black and blue regions are the fit results (∆χ2 = 1, 4), and the yellow and green regions
are the fit results (∆χ2 = 1, 4) omitting χ2param in Eq. (3.72). We have also shown a red
point given by combining Hoang’s determination of m1Sb and the PDG 2004 value of |Vcb|
from exclusive decays.
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determination, and the agreement is remarkable. The PDG 2004 value for |Vcb| from
exclusive decays is also independent of our determination from inclusive decays.
In summary, we find the following fit results:
|Vcb| = (41.4± 0.6± 0.1τB)× 10−3,
m1Sb = (4.68± 0.03)GeV, (3.76)
from the 1SEXP fit including theory errors, where the first error is the uncertainty from
the fit, and the second error (for |Vcb|) is due to the uncertainty in the average B lifetime.
From the 1SEXP fit with no theory errors, and using the PDG method of scaling the
uncertainties so that χ2/ν is unity, we obtain
|Vcb| = (41.5± 0.4± 0.1τB)× 10−3,
m1Sb = (4.69± 0.02)GeV. (3.77)
The increase in |Vcb| compared to Ref. [39] is largely due to an increase in the experimental
values for the semileptonic B decay rate since two years ago.
The 1SEXP fit (including theoretical uncertainties) also gives
Γ(B → Xcℓν¯)
|Vcb|2 η2QED
= (2.49± 0.02)× 10−11 GeV. (3.78)
The ratio of the semileptonic branching ratio with no energy cut to that with an energy
cut is given Table 3.6. The semileptonic branching ratio obtained from the fit (including
theoretical uncertainties) is B(B → Xcℓν¯) = 0.105 ± 0.003. Note that this number
depends on the PDG 2004 value (corrected for B → Xu contamination, see Eq. (3.57))
of 0.105 ± 0.003, and the BABAR branching ratio measurements with an energy cut,
which give a higher value of 0.107± 0.002, when converted to the branching ratio using
Table 3.6.
Another useful quantity is the C parameter, needed for the B → Xsγ rate [111],





Γ(B → Xuℓν¯) = 0.58± 0.01 . (3.79)
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Ecut (GeV) 0.6 0.8 1.0 1.2 1.4
R[Eℓ] 1.0523± 0.0001 1.1216± 0.0003 1.246± 0.001 1.466± 0.001 1.880± 0.003
Table 3.6: With R[Eℓ] =
B(B → Xcℓν¯)
B(B → Xcℓν¯, Ecut) =
R0(0, 0)
R0(Ecut, 0)
obtained using the 1SEXP
scheme, including theoretical uncertainties.
The value of C depends on the (unknown) matrix element of four-quark operators, which
enter the B → Xuℓν¯ rate at order 1/m3b (but not B → Xcℓν¯). These absorb a logarithmic
divergence in the 1/m3b corrections to the B → Xcℓν¯ rate in the formal limitmc → 0. (For
mc ≫ ΛQCD, four-quark operators only enter the B → Xcℓν¯ rate at order αs.) The four-
quark operator matrix element gives an uncertainty in addition to that in Eq. (3.79). An
estimate of the four-quark operators’ contribution is obtained by replacing the formally
divergent term in the B → Xuℓν¯ rate, 8(ρ1/m3b) ln(m2u/m2b) [63] by 8(ΛQCD/mb)3 ∼
0.01 [56].
The above fits give a robust value for |Vcb| and mb. However, we recommend using
the error estimate with caution. As we have pointed out, the fit seems to indicate that
the unknown higher order corrections are smaller than our theoretical estimate of 0.1%,
so that one can use Eq. (3.77). A theoretical uncertainty less than 0.1% is very small for
a hadronic quantity at the relatively low scale of around 5 GeV. It is interesting that the
current fit shows that the theoretical uncertainties in inclusive B decay shape variables
are so small. If this is confirmed by further comparisons between theory and experiment,
the uncertainty in Vcb can be reduced still further.
3.7 Conclusions
In this chapter, we have reported on a number of investigations into inclusive B¯ →
Xc ℓ ν¯ decay. In determining |Vcb| from the total decay rate one must determine the
nonperturbative parameters that characterize the corrections to the decay and be certain
that violations of quark hadron duality are negligible.
We have improved the theoretical treatment of hadronic invariant mass observables
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by directly calculating the O(αs ΛQCD/mb) terms. We have also presented the results of
a number of attempts to improve the extraction of the nonperturbative parameters, by
examining the lepton energy and hadronic invariant mass spectra observables with the
general moment method. These techniques to improve the extractions of the nonpertur-
bative parameters are of lesser utility with the development of the general fits. However,
in examining general moments the uncovering of a technique to sensitively test for quark
hadron duality violations is of some importance.
As duality violation is difficult to reliably quantify theoretically, it is important to
quantify duality violation as directly as possible from experiment. In global fits, duality
violations effects could appear as a poor χ2, and no evidence has been found for large
duality violations[42]. These indirect tests of duality violation are limited by our knowl-
edge of mb and λ1 and recent fits have improved our determination of these parameters
to λ1 = −0.27± 0.04GeV2 and m1Sb = 4.68± 0.03GeV.
The duality violating test uncovered by examining the general moment is a comple-
mentary technique to examining the χ2 of the fit as it is limited to a lesser degree by
the error on λ1 and mb: as a duality testing moment is defined to be a moment with
the leading order unknown terms in the OPE suppressed. Moments of this type can
be predicted to percent level accuracy and Table 3.7 illustrates the impressive level of
agreement that these moments exhibit with experimental data [83].
Label Predicted Value Measured Value
D1 0.5459 ±0.0001 ǫ ± 0.0010(N.P.) -
D2 1.7585 ±0.006 ǫ ± 0.0036(N.P.) -
D3 0.5200 ±0.0001 ǫ ± 0.0014(N.P.) 0.5193 ± 0.0008
D4 0.6053 ±0.0002 ǫ ± 0.0018(N.P.) 0.6036 ± 0.0006
Table 3.7: Predictions and measurements for lepton energy OPE Testing Moments.
Duality tests in the hadronic invariant mass spectra and the moments to extract the
b quark mass in this spectra are limited by the expansion in mbΛQCD/m
2
c introduced in
order to perform the integrations required. General considerations of the cut separation
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indicate that a ΛQCD/mc expansion should be present. It is important to realize that
the expansion required to perform the integrals effects the ΛQCD/mc expansion present
in these predictions generating the mbΛQCD/m
2
c expansion. Thus the limitation on using
this test in the hadronic invariant mass spectrum is a combination of a problem specific
to not being able to analytically perform certain classes of integrals and the expected
ΛQCD/mc expansion present for non integer moments. The error introduced due to this
expansion, although numerically suppressed, is difficult to quantify reliably.
The most important conclusion of this chapter is the result of the general fit, which
has found
|Vcb| = (41.4± 0.6± 0.1τB)× 10−3,
m1Sb = (4.68± 0.03)GeV. (3.80)
Chapter 4
Extracting |Vub|
4.1 The Shape Function Region
In B¯ → Xuℓν¯ℓ decay, the experimental requirement to remove the charm background
restricts measurements to regions of phase space where the decay rate for B¯ → Xc ℓ ν¯ is
removed, MX ≤ mD or Eℓ ≥ (m2B¯ −m2D)/2mB. The nonperturbative expansion of the
phase space restricted decay spectra is expressed in terms of the lightcone wavefunction
of the B meson. One can extract |Vub| from a combined analysis of the phase space
restricted B¯ → Xuℓν¯ℓ and B¯ → Xsγ decay spectra.
With these phase space restrictions, the local OPE, and the clean separation of scales
that the local OPE represented in the analysis of B¯ → Xc ℓ ν¯, is no longer valid. A more
involved theoretical approach is required to separate the scales relevant to these decays.
We express decay rates as convolutions of hard (H), jet (J) and soft physics (S) associated
with the scales mb ≫
√
ΛQCDmb ≫ ΛQCD, in the following way,















This factorization theorem has been proven diagrammatically [112] at leading order in
1/mb, however, it is not known to hold to all orders in the nonperturbative expansion.
It has only recently been extended beyond leading nonperturbative order [36].
The systematic treatment of the nonperturbative corrections involve a two step match-
ing procedure. One matches QCD onto the effective field theory of the intermediate scale,
87
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describing quarks and gluons with large energy and small offshellness, known as SCET
[113, 114, 115], and uses the renormalization group to run down to the soft scale. One
then matches SCET onto the lightcone wavefunction of the B meson, expressed in terms
of HQET fields. One can also match directly from QCD onto HQET, a much simpler pro-




via SCET. In either case, the soft sector of the theory is expanded in terms of nonlocal
operators, as discussed earlier in Chapter 3. The leading order term in the ΛQCD/mb
expansion of the light-cone distribution function of the B meson [22, 23] is know as the
shape function.
At subleading order in the non-perturbative expansion of the QCD lightcone wave-
function, four additional non-local operators have been determined to be present [24, 25,
26, 27], the matrix elements of which are referred to as subleading shape functions.
It is of some intrinsic interest to examine the renormalization of these nonlocal op-
erators, as they are nonlocal and their renormalizability is not know a priori. It is also
important to know if this set of operators is complete in the error assigned to extractions
of |Vub|, and in considering the factorization theorem above beyond leading order. Ex-
amining the perturbative behavior of these subleading shape functions is also a necessary
step to take to perform one loop matching calculations onto the soft sector. For these
reasons we have determined the anomalous dimension to subleading nonperturbative
order.
To this end, we have determined the contributions of the time ordered products of the
subleading LHQET with the leading order shape function, and examined the anomalous
dimensions of the subleading nonperturbative operators. We establish the renormaliz-
ability and closure of a subset of the subleading nonlocal operator basis. We find that the
known operator basis mixes with new operators, requiring that the subleading operator
basis be extended. This is not entirely unexpected as the new operators are not forbidden
by any symmetry principle. We also comment on the phenomenological consequences of
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these results.
4.2 Anomalous Dimension to Subleading Order
4.2.1 Notation
We introduce two light-like vectors nµ and n¯µ related to the velocity of the heavy quark
by v = 1
2
(n+ n¯), and satisfying
n2 = n¯2 = 0, v · n = v · n¯ = 1, n · n¯ = 2. (4.2)
In the frame in which the b quark is at rest, these vectors are given by nµ = (1, 0, 0, 1),
n¯µ = (1, 0, 0,−1) and vµ = (1, 0, 0, 0). The projection of an arbitrary four-vector aα onto
the directions which are perpendicular to the light-cone is given by aα⊥ = g
αβ
⊥ aβ , where
gµν⊥ ≡ gµν −
1
2
(nµn¯ν + nνn¯µ) . (4.3)


























































Chapter 4. Extracting |Vub| 90





δ(x) + Θ′0(x)− ǫΘ′1(x) +O(ǫ2) (4.8)
This relationship is valid when integrated against arbitrary functions f(x), where f is












for n ≥ 2. (4.9)
Several other useful properties of this function are
xΘ′0(x) = θ(x)




0(x) + δ(x) log(a), (4.11)
for some positive constant a.
4.2.2 Operators to Subleading Order
At leading order a single non-local operator characterizes the nonperturbative physics,
Q0(ω,Γ) = h¯v δ(ω + in·D) Γ hv, (4.12)
where the covariant derivative is Dµ = ∂µ + igAµ.
The order ΛQCD/mb corrections to these spectra are four additional non-local opera-
tors [24, 25, 26, 27],
mbQ
µ
1 (ω,Γ) = h¯v {iDµ⊥, δ(ω + in·D)} Γhv,
mbQ
µ
2 (ω,Γ) = h¯v [iD
µ
⊥, δ(ω + in·D)] Γ hv, (4.13)
mbQ3(ω,Γ) =
∫
dω1dω2 δ(ω1, ω2;ω)h¯v δ(ω2 + in·D)gµν⊥ {iDµ⊥, iDν⊥}δ(ω1 + in·D) Γ hv,
mbQ4(ω,Γ) =−
∫
dω1dω2 δ(ω1, ω2;ω)h¯v δ(ω2 + in·D)iǫµν⊥ [iDµ⊥, iDν⊥]δ(ω1 + in·D) Γ hv,
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where
δ(ω1, ω2;ω) =
δ(ω − ω1)− δ(ω − ω2)
ω1 − ω2 . (4.14)
We define these operators rescaled by mb for later convenience in the anomalous dimen-
sion, this rescaling should be noted when comparing to other work dealing with sub
leading shape functions. We find that the operator basis must be extended beyond tree
level to include, at least the following operator
mb Q¯
µ




2 (ω1, ω2; Γ), (4.15)
where we have defined the following kernel and coefficient functions
Kµ2 (ω1, ω2; Γ) = h¯vδ(ω1 + in·D)iDµ⊥δ(ω2 + in·D)Γhv, (4.16)
θ(ω1, ω2;ω) =
θ(ω − ω1)− θ(ω − ω2)
ω1 − ω2 . (4.17)
The operator Q1 was originally defined in [24] by Mannel and Tackmann [119, 120]
based on symmetry arguments and examining the endpoint of B¯ → Xc ℓ ν¯ and taking the
massless limit. We find that the operator is unambiguously required beyond tree level
due to the mixing experienced with the original set of operators.
4.2.3 Operator Feynman rules
The zero-gluon and one-gluon Feynman rules are required to calculate the anomalous
dimension of the operators and we present them in the following section. For each of
the operators the Feynman rules are obtained for Feynman gauge in a straightforward
manner.
We use Feynman Gauge in the following calculations as the usual choice of light cone
gauge introduces non physical poles in the calculation of the anomalous dimension for
the subleading operators, for a review of the relevant issues see [121].
The two gluon Feynman rules are also required and used but are too lengthy to include
here, they can be obtained from the authors upon request. The non-vanishing zero-gluon
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Feynman rules in Feynman gauge are:
〈hv(k)|Q0(ω,Γ)|hv(k)〉 = δ(ω + n·k)Γ,












δ′(ω + n·k)Γ. (4.18)







The one-gluon Feynman rules for single covariant derivative operators are:
〈hv(k)Aνa(ℓ)|Qµ1 (ω,Γ)|hv(k)〉 = −gTagµν⊥ δ+(n·ℓ)
Γ
mb




































































δ′(ω + n·k + n·ℓ)
n·ℓ
)
















where ℓ is the gluon momentum flowing into the vertex, and the gluon carries Lorentz
index ν and colour index a. We have also made the convenient definitions
θ±(x) = θ(ω + n·k + x)± θ(ω + n·k) (4.22)
δ±(x) = δ(ω + n·k + x)± δ(ω + n·k). (4.23)
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4.2.4 The Anomalous Dimension Matrix







′, ω, µ˜) is a matrix of renormalization constants. The values of the elements
of Zij can be found by taking arbitrary partonic matrix elements of both sides, which at
leading order gives Z
(0)
ij (ω
′, ω, µ˜) = δijδ(ω − ω′).
To subleading order we have















〈Qj(ω′, µ˜,Γ)〉(0)ren + αs〈Qj(ω′, µ˜,Γ)〉(1)ren
]
,





′, ω, µ˜)〈Qj(ω′, µ˜,Γ)〉(0) = 〈Qi(ω,Γ)〉(1)bare − 〈Qi(ω,Γ)〉(1)ren
= (〈Qi(ω,Γ)〉(1)bare)div (4.26)
where by (〈Qi(ω,Γ)〉(1)bare)div, we refer to the UV divergent part of 〈Qi(ω,Γ)〉(1)bare. Because
there are operators such as Q2 and Q4 who do not have a zero gluon form, we must
consider matrix elements of Equation (4.24) with at least one external gluon. These will
be sufficient to identify the mixing of the various operators into Q2 and Q4. It should be
noted that matrix elements with zero and one external gluon states are not sufficient in
principle to determine the anomalous dimension matrix to subleading order. Consider
the operator
Qµ,ν(ω1, ω2,Γ) = h¯v [iD
µ
⊥, δ(ω2 + in·D)] [iDν⊥, δ(ω1 + in·D)] Γ hv, (4.27)
which does not have a zero gluon or one gluon Feynman rule, its nonvanishing Feynman
rules only start at two gluon external states. In this paper, we will not be calculating the
two external gluon diagrams necessary to find mixing into this operator, if any exists.
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We extract the anomalous dimension matrix of the subleading operators by examining





′, ω, µ˜)〈hv(k)A⊥|Qi(ω′,Γ)|hv(k)〉(0)ren = (〈hv(k)A⊥|Qi(ω,Γ)|hv(k)〉(1)bare)div.
(4.28)
The non-perpendicular components of the gluon field were also examined but found to
induce no further mixing.
The mixing of Q0 into the other operators is determined by calculating the matrix
elements of this operator with insertions of the subleading HQET Lagrangian. Zero
gluon matrix elements are sufficient to find the mixing into Q0, while one gluon matrix
elements are required for mixing into the remaining operators. Due to the spin symmetry
violating effects of the subleading HQET Lagrangian, the anomalous dimension of the Pi
operators can differ from that of the Oi operators and thus requires special attention.
The wavefunction renormalization of the bare operators expressed in terms of renor-
malized fields are Qi(ω,Γ)bare = ZhZ
n/2
3 Qi(ω,Γ) where n is the number of gluons in the
operator, and Qi(ω,Γ) is written in terms of renormalized fields. For diagrams with an
external state gluon we use the background field method to treat the external gluon as a
classical field and so we aquire no Z3 factor due to the wavefunction renormalization of
the gluon. [122]
4.2.5 Diagram Calculations
One Gluon Matrix Elements
The one gluon matrix elements are determined by calculating the diagrams shown in
Figure 4.1 for each operator. The external gluon in each of these diagrams is a background
field gluon and the external states are chosen to have perpendicular polarization. We
utilize dimensional regularization and the MS scheme to regulate our divergences. To
isolate and remove the IR divergences in the calculation we keep all the particles off shell
by retaining factors of v ·k, v ·ℓ and ℓ2, where ℓ is the incoming gluon momentum.
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(aa) (ac) (ad) (dc)
(bb) (bc) (bd) (dd)
(ca) (cb) (cc) (cd)
Figure 4.1: The one gluon diagrams which must be calculated for each operator.
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To clearly illustrate the need to extend the operator basis we present the results for
Q1 diagram by diagram. In general, for perpendicular polarized external gluons, only
diagrams (ac), (ad), (bc), (bd) and (dc) contribute to the amplitude. For diagram dc,

















δ(ω + n·k − n·q) + δ(ω + n·k + n·ℓ+ n·q)
n·q (n·ℓ+ n·q) (q2 + iǫ)((q + ℓ)2 + iǫ) .
The integrals are perfomed via the standard techniques of dimensional regularization





δ(x) + Θ′0(x)− 2ǫΘ′1(x) +O(ǫ2). (4.30)
The UV poles obtained for this diagram for Q1 after the integrals are performed and
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Once the wavefunction renormalization terms are multiplicatively combined with the
result, we express the amplitude in terms of renormalization matrix elements di and the





















′, µ˜) = −2CF
ǫ2
δ(ω − ω′) + 2CF
ǫ












δ(ω − ω′). (4.36)
The form of the mixing between Qµ1 and Q¯
µ
1 deserves some comment. At zero gluon the
matrix elements of these operators are identical causing this mixing to be undetermined
for zero gluon external state diagrams, even though the zero gluon matrix elements of both
operators are nonzero, contrary to naive expectations. The contribution of the operator
Q¯µ1 to the renormalization matrix was also determined. We find that this operator mixes
with itself contributing a d1 form to the matrix ZSL. The antisymmetric operators Q2
and Q4 mix only with themselves and contribute diagonal factors of d1 to the matrix of
renormalization constants.
The inauspicious form of mixing between Qµ1 and Q¯
µ
1 is also present in the operator
Q3, however the correspoding analysis of Q3 is more complicated and is still under inves-
tigation. Due to this complication in determining the full anomalous dimension matrix
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and the need for a two gluon calculation to determine the possible mixing Qµ,ν(ω1, ω2,Γ)
we present the results of our initial study of the anomalous dimension so subleading or-
der in this paper and comment on the phenomenological consequences of the presented
results. We collect our results in section 4.3.
The T products of LHQET with O0 and P0
To find the mixing of the operators
O0 = h¯v δ(ω + in·D) hv,
P µ0 = h¯v δ(ω + in·D) γµγ5 hv (4.37)
into the subleading operators, we must evaluate the time ordered products of the opera-
tors with the the subleading terms of the HQET Lagrangian (L1)
TO(ω) = i
∫
d4xT [L1(x), O0(0, ω)] ,
T µP (ω) = i
∫
d4xT [L1(x), P µ0 (0, ω)] . (4.38)
We now explicitly refer to the Dirac structure of the operators. This is necessary due
to the Dirac structure of the operators in the subleading Lagrangian. We treat the
subleading Lagrangian as a single operator insertion for the purposes of our calculation.
The different renormalization of the kinetic and chromomagnetic terms is accomidated
by breaking the T products up in to T(O0,Ok), T(O0,Om), T(P0,Ok), T(P0,Om) after the diagram
calculations, where Ok, Om refer to the kinetic and chromomagnetic operators of the
subleading Lagrangian.
We start with the zero gluon diagrams. They are illustrated in Figure 4.2. The
crosses in the diagrams represent the locations where one inserts the subleading HQET
Lagrangian, given by
L1 = h¯v (iD⊥)
2
2mb











Figure 4.2: The diagrams which must be calculated for Q0. The crosses represent inser-
tions of the subleading HQET Lagrangian.
The zero, one and two gluon Feynman rules for this Lagrangian, where we suppress the
renormalization scale dependence of the Om operator, are





















In these Feynman rules we have used the projector P+ = 1/2(1 + v/) as well as the Dirac
structure sη = P+γ
ηγ5P+.
The UV divergent part of the sum of the subleading LHQET zero gluon results for

















3 δ(ω − ω′)
ǫ
vµ〈hv(k)|Qµ1(ω′,Γ)|hv(k)〉(0).(4.41)
The latter term is the zero gluon matrix element of a modified Qµ1 operator. The operator
is modified to not have a perpendicular covariant derivative, but simply a Dµ in its
definition. This term vanishes at this order due to the equations of motion, these results
are combined with our operator anomalous dimensions in section 4.3. ( It should be noted
that the zero gluon calculation does not determine this mixing is with the Q1 operator
as its the zero gluon rule is identical to Q¯1. Consistency between zero and one gluon
external state calculations determines this mixing to be with the modified Q1 operator.)
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There are many more one gluon diagrams than zero gluon diagrams, as illustrated in




Figure 4.3: The one gluon diagrams which must be calculated for O0 and P0. The
crosses represent insertions of the subleading HQET Lagrangian. The mirror diagram
corresponding to each of the above diagrams is not shown.
that must be calculated for each of O0 and P0. The other diagrams can be looked upon
as either the mirror diagrams of those given, or the transposed diagrams which have the
L1 operator and lightcone operator interchanged.
The Dirac structure of the subleading Lagrangian force us to consider the Dirac
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structure of these diagrams. Let us consider the one gluon diagrams of Figure 4.3, where
the lightcone operator is Q0. We will denote by 〈..|AR|..〉 and 〈..|AL|..〉 the amplitude
of these diagrams and the amplitude of the mirror diagrams respectively. Because of
the simple relationship between O0 and P
σ




Each of 〈AR〉 and 〈AL〉 can be decomposed into the two Dirac structures P+ and sη,
for example with a heavy quark target, with one gluon in the final external state:
〈hv(k)Aνa|AR|hv(k)〉 = 〈hv(k)Aνa|AR+P+|hv(k)〉+ 〈hv(k)Aνa|AηRssη|hv(k)〉,
〈hv(k)Aνa|AL|hv(k)〉 = 〈hv(k)Aνa|AL+P+|hv(k)〉+ 〈hv(k)Aνa|AηLssη|hv(k)〉. (4.42)
Thus for operator O0 we can write the total amplitude proportional to each of the
Dirac structures after the calculations of the 40 diagrams required. The results for
insertions of the Ok are:
〈hv(k)Aνa|T(O0,Ok)|hv(k)〉(1)div = 〈hv(k)Aνa|(AR+ +AL+)P+|hv(k)〉(1)div,


















This result is easily matched, it is identical to the mixing form found in the zero gluon
















3 δ(ω − ω′)
ǫ
vµ〈hv(k)Aνa|Oµ1 (ω′)|hv(k)〉(0). (4.44)
The result of the T product with Om is
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The total T σ(P0,Ok) and T
σ
(P0,Om)
amplitudes can be written as
〈hv(k)Aνa|T σ(P0,Ok)|hv(k)〉 = 〈hv(k)Aνa|sσAR+|hv(k)〉+ 〈hv(k)Aνa|sσAL+|hv(k)〉, (4.46)
〈hv(k)Aνa|T σ(P0,Om)|hv(k)〉 = 〈hv(k)Aνa|sσsη(ARs)η|hv(k)〉+ 〈hv(k)Aνa|sηsσ(ALs)η|hv(k)〉.
Using the decomposition
sσsρ = iǫσρηφsηvφ − (gσρ − vσvρ)P+, (4.47)
we can decompose in terms of the pieces proportional to P+ and s
η for these amplitudes.
For T σ(P0,Ok) and T
σ
(P0,Om)
we find the following mixing
〈hv(k)Aνa|T σ(P0,Ok)|hv(k)〉
(1)
















3 δ(ω − ω′)
ǫ
vµ〈hv(k)Aνa|P µ1 (ω′)σ|hv(k)〉(0),
〈hv(k)Aνa|T σ(P0,Om)|hv(k)〉(1)div = (vσvµ − gσ µ)〈hv(k)Aνa|((ARs)µ + (ALs)µ)P+|hv(k)〉

















[(vσ − nσ)gµη + nη(gσµ − vσ vµ)]×
(〈hv(k)Aνa|P µη1 (ω′)|hv(k)〉(0) − 〈hv(k)Aνa|P¯ µη1 (ω′)|hv(k)〉(0)).
4.3 Results
4.3.1 Leading Nonperturbative Order
The order αs perturbative and leading order non-perturbative anomalous dimension ma-
trix has been calculated by a variety of other authors [33, 31]. Our results agree with
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theirs, and in the basis
{O0, P0} (4.48)




δ(ω − ω′) 0
0 δ(ω − ω′)

 , (4.49)











The distribution d1(ω, ω
′, µ˜) is the combination of the operator and wavefunction renor-
malization counter terms, given by
d1(ω, ω
′, µ˜) = −2CF
ǫ2
δ(ω − ω′) + 2CF
ǫ




























where Z1 is the coefficient of the 1/ǫ poles. We find
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4.3.2 Subleading Nonperturbative Order
We have determined the matrix of renormalization constants at subleading non-perturbative
order ZSL, excluding operators of class Q3 . If we order our Qi operators as
Oi = {O0, T(O0,Ok), T(O0,Om), Oµ1 , O¯µ1 , Oµ2 , O4},
Pσi = {P σ0 , T σ(P0,Ok), T σ(P0,Om), P σµ1 , P¯ σµ1 , P σµ2 , P σ4 }, (4.57)
















Where the entries in the matrices in the above expression with i, j = 0, 1...6 are given by
Γ0Oi,Oj(ω, ω
′) = (δi,j − δ0,jδi,0)δ(ω − ω′),
Γ0Pi,Pj(ω, ω
′) = (δi,j − δ0,jδi,0)δ(ω − ω′),
Γ0Oi,Pj(ω, ω
′) = 0, (4.59)
Γ0Pi,Oj(ω, ω
′) = 0.
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0 0 0 0 0 0 0
d2(ω, ω
′, µ˜) 0 0 dµ3(ω, ω
′) 0 0 0
0 0 0 0 0 0 0
0 0 0 d4(ω, ω
′, µ˜) d5(ω, ω
′) 0 0
0 0 0 0 d1(ω, ω
′, µ˜) 0 0
0 0 0 0 0 d1(ω, ω
′, µ˜) 0









0 0 0 0 0 0 0
d2(ω, ω
′, µ˜) 0 0 dµ3(ω, ω
′) 0 0 0
0 0 0 dµσ η7 (ω, ω
′) −dµσ η7 (ω, ω′) 0 0
0 0 0 d4(ω, ω
′, µ˜) d5(ω, ω
′) 0 0
0 0 0 0 d1(ω, ω
′, µ˜) 0 0
0 0 0 0 0 d1(ω, ω
′, µ˜) 0
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0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 −dµσ6 (ω, ω′) 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0








0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 dµσ6 (ω, ω
′) 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0































(i ǫµσ⊥ )δ(ω − ω′),




((vσ − nσ)gµη + nη(gσµ − vσ vµ))δ(ω − ω′). (4.61)
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We directly determine the anomalous dimension matrix to subleading order using Eq.






′, µ˜) γOi,Pj(ω, ω
′, µ˜)
γPi,Oj(ω, ω









0 0 0 0 0 0 0
γ2(ω, ω
′, µ˜) 0 0 γµ3 (ω, ω
′, µ˜) 0 0 0
0 0 0 0 0 0 0
0 0 0 γ4(ω, ω
′, µ˜) γ5(ω, ω
′, µ˜) 0 0
0 0 0 0 γ1(ω, ω
′, µ˜) 0 0
0 0 0 0 0 γ1(ω, ω
′, µ˜) 0









0 0 0 0 0 0 0
γ2(ω, ω
′, µ˜) 0 0 γµ3 (ω, ω
′, µ˜) 0 0 0
0 0 0 γµσ η7 (ω, ω
′, µ˜) −γµσ η7 (ω, ω′, µ˜) 0 0
0 0 0 γ4(ω, ω
′, µ˜) γ5(ω, ω
′, µ˜) 0 0
0 0 0 0 γ1(ω, ω
′, µ˜) 0 0
0 0 0 0 0 γ1(ω, ω
′, µ˜) 0





Chapter 4. Extracting |Vub| 108





0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 −γµ σ6 (ω, ω′) 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0








0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 γµσ6 (ω, ω
′) 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0




With the following entries in the anomalous dimension matrix,
γ1(ω, ω


















′, µ˜) = −3αs(µ˜)CF
2 π
δ(ω − ω′) vµ,
γ4(ω, ω






′, µ˜) = −αs(µ˜)CA
2 π
δ(ω − ω′),
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γµ σ6 (ω, ω
′, µ˜) = −αs(µ˜)CA
4 π
(i ǫµσ⊥ )δ(ω − ω′),
γµσ η7 (ω, ω
′, µ˜) = −αs(µ˜)CA
2 π
((vσ − nσ)gµη + nη(gσµ − vσ vµ))δ(ω − ω′). (4.63)
4.4 Conclusions
We have examined the anomalous dimension matrix appropriate for the phase space
restricted B¯ → Xu ℓ ν¯ and B¯ → Xsγ decay spectra to subleading nonperturbative order.
The effects of the time ordered products of the HQET Lagrangian with the leading
order shape function operator were determined and the renormalizability and closure of
a subset of the nonlocal operator basis used to describe these spectra to subleading order
was established.
Operator mixing was found between the operators which occur to subleading order,
requiring that the subleading operator basis be extended to include the operator Q¯1. This
requires the introduction of new shape functions to characterize the decay spectra of B¯ →
Xu ℓ ν¯ and B¯ → Xsγbeyond tree level. The mixing determined between the operators
Q1 and Q¯1 is of the pernicious form that required a one gluon external state calculation
to determine, despite the non vanishing zero gluon Feynman rules of the operators. We
have also demonstrated that the possible mixing with the operator Qµ,ν(ω1, ω2,Γ) in a
similar manner; with vanishing Feynman rules for zero and one gluon, requires a two
gluon external state calculation to completely determine the anomalous dimension at
sub leading non perturbative order.
Mixing was also determined between the T product T(O0,Ok) and the leading order
shape function, and the T product T(O0,Om) was shown to lead to mixing between the Pi
and Oi operators at this order.
The anomalous dimension and running of the Q¯µ1 , Q
µ
2 and Q4 operators was shown to
be identical to the leading order shape function Q0.
This work can be built upon in a number of ways. The anomalous dimension of the
operator Q3 is under investigation by the authors to establish the closure at one loop of
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the set of sub leading operators discussed in this paper. The anomalous dimension of
the sub leading four quark operators should be determined to determine the full anoma-
lous dimension matrix at subleading order. As discussed in some detail, once the full
anomalous dimension is determined, Sudakov logarithms in the perturbative corrections
to the sub leading operators can be resumed; so that renormalization group improved
calculations can be undertaken for the B¯ → Xu ℓ ν¯ and B¯ → Xsγ decay spectra to sub
leading nonperturbative order.
More important that the small effect that these corrections have directly on the
extraction of |Vub|, is the fact that this work establishes the renormalizability of a subset
of the soft sector nonperturbative expansion beyond leading order. This is a necessary
step in extending QCD factorization theorems beyond leading nonperturbative order,
validating the factorization based approach used for the phase space restricted B¯ → Xuℓν¯ℓ
and B¯ → Xsγ decay spectra.
Chapter 5
Conclusions
In this thesis we have presented theoretical calculations of inclusive decay spectra with
the aim of extracting |Vcb|, |Vub| and mb with minimal error.
In Chapters 1 and 2, we explained the context of these calculations in investigating
the flavor sector of the standard model, and in the following chapter we related the
general theoretical framework of inclusive calculations of B¯ → Xc ℓ ν¯ and B¯ → Xuℓν¯ℓ.
In Chapter 3, we introduced a new approach to try and maximize the amount of
information obtained from measured decay spectra of B¯ → Xc ℓ ν¯, the general mo-
ment method. We then applied this approach to the charged lepton energy spectra
and hadronic invariant mass spectra of B¯ → Xc ℓ ν¯. In so doing we discovered a new
way to test the Quark-Hadron duality assumption built into the theoretical description
of these decays. We also presented the O(αs) corrections to the hadronic tensor, allowing
us to calculate the O(αs ΛQCD/mb) corrections to the hadronic invariant mass spectrum.
These results were used in a general fit, in collaboration with a number of other authors,
to obtain the current world leading determination:
|Vcb| = (41.4± 0.6± 0.1τB)× 10−3,
m1Sb = (4.68± 0.03)GeV. (5.1)
We have also demonstrated a quantified test of quark-hadron duality, showing that its
effects are less then 1% experimentally for the lepton energy moment observables that,
in part, determine this result.
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In Chapter 4, we examined the renormalization of the sub leading non perturbative
operators present in the expansion of the QCD light cone. These operators determine
part of the non perturbative error in extractions of |Vub|, based on combined examinations
of B¯ → Xuℓν¯ℓ and B¯ → Xsγ . We found that the leading order shape function mixed
with the sub leading operators at this order. We demonstrated that the sub leading
operator basis must be extended beyond tree level, due to the mixing the sub leading
operator basis experienced with new operators. The renormalization of the sub leading
nonlocal operators present in the non perturbative expansion of the soft sector allows the
proof of the QCD factorization theorem used in this approach to be established beyond
leading order.
Felix qui potuit rerum cognoscere causas.




In this section we present several additional moments which either minimize the theoret-
ical uncertainties on the nonperturbative parameters Λ¯ and λ1 or which are insensitive to
these parameters. For each of these categories we give moments subject to the constraint
Eℓ > 1.5 GeV and moments in which we consider the full range of Eℓ. These calculations
have the 1S scheme as implemented in Section LeptonSpec.
Moments to extract Λ¯ and λ1 with no restrictions on Eℓ
Moments R[1.4, 1.3, 0.8, 0.9] and R[1.6, 1.4, 0.9, 0.8]























































































































Using the hypothetical data R(2)a = 0.9096 and R
(2)
b = 1.5666 we find
Λ¯ = (0.62 ± 0.01Vub ± 0.04ǫ ± 0.01m3)GeV ,
λ1 = (−0.19 ± 0.01Vub ± 0.06ǫ ± 0.03m3)GeV2 . (6.3)
Moments to extract Λ¯ and λ1, restricted to Eℓ > 1.5GeV
Moments R[0.7, 1.7, 2, 1.5] and R[0.9, 1.6, 0, 1.7]





























































































































Using the hypothetical data R(3)a = 0.2955 and R
(3)
b = 2.2908 we find
Λ¯ = [0.64± 0.01Vub ± 0.01ǫ ± 0.02m3 ] GeV ,
λ1 = [−0.18± 0.05Vub ± 0.04ǫ ± 0.02m3] GeV2 . (6.6)
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Moments R[0.8, 1.6, 0, 1.7] and R[2.5, 1.6, 2.9, 1.5]






























































































































Using the hypothetical data R(4)a = 2.1558 and R
(4)
b = 0.6788 we find
Λ¯ = (0.64± 0.01Vub ± 0.01ǫ ±±0.02m3)GeV ,
λ1 = (−0.19± 0.06Vub ± 0.02ǫ ±±0.02m3)GeV2 . (6.9)
Moments with small dependence on Λ¯ and λ1 with no restrictions on Eℓ
Moment R[0.8, 1, 0.1, 1.3]
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This leads to
D2 = 1.7784 [1± 0.0014λ1 ± 0.0016Λ¯ ± 0.0007Vub ± 0.0004ǫ ± 0.0009m3] (6.11)
Moments with small dependence on Λ¯ and λ1, restricted to Eℓ > 1.5GeV
Moment R[0.7, 1.6, 1.5, 1.5]





























































D3 = 0.5166 [1± 0.0014λ1 ± 0.0042Λ¯ ± 0.0013Vub ± 0.00005ǫ ± 0.0012m3] (6.13)
Moment R[2.3, 1.6, 2.9, 1.5]





























































D4 = 0.6016 [1± 0.0034λ1 ± 0.0042Λ¯ ± 0.0017Vub ± 0.0002ǫ ± 0.0011m3] (6.15)
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6.2 sH Expansion
The coefficient functions of the general hadronic moment sH in terms of the pole mass
and the HQET local operator expansion are as follows:
C00 = 1 +
nΛ
mb




(n− 1) nΛ ((n− 2) Λ2 − 3 (λ1 + 3 λ2))
6mb3










nΛ ((n− 1) Λ2 − 2 (λ1 + 3 λ2))
2mb3

















− (2 (n− 1) Λ
2 + λ1 + 3 λ2)
2mb2
− (n− 1) Λ ((n− 2) Λ
2 − 2 (λ1 + 3 λ2))
2mb3
+






− 2Λ ((n− 1) Λ






















6.3 Hadronic invariant Mass Moments for Fit
In this section we present several additional moments for a global fit based on the 1S
scheme as implemented in Section 3.5.







1S λ1 λ2 λ1 Λ1S λ2 Λ1S
0 2.1799 0.411 0.133 0.07 0.39 -0.05 0.07 0.06
0.5 2.1771 0.406 0.131 0.07 0.39 -0.04 0.07 0.07
0.7 2.1735 0.399 0.129 0.07 0.40 -0.03 0.07 0.07
0.9 2.1685 0.388 0.125 0.07 0.40 -0.01 0.08 0.08
1.1 2.1625 0.375 0.119 0.06 0.42 0.02 0.09 0.10
1.3 2.1565 0.362 0.112 0.06 0.44 0.07 0.10 0.12
1.5 2.1522 0.350 0.104 0.06 0.50 0.12 0.12 0.14
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
0 0.35 -0.11 0.10 0.11 0.07 0.03
0.5 0.35 -0.11 0.10 0.11 0.07 0.03
0.7 0.35 -0.11 0.10 0.11 0.07 0.04
0.9 0.37 -0.10 0.10 0.12 0.08 0.04
1.1 0.39 -0.09 0.10 0.13 0.08 0.05
1.3 0.43 -0.08 0.11 0.14 0.08 0.06
1.5 0.51 -0.05 0.12 0.17 0.08 0.07
1S αs
2 Contribution αs Contribution Combined O (ǫ)
Eminℓ ǫ Λ1S ǫ ǫ Λ1S ǫ ǫ Λ1S ǫ
0 -0.003 0.023 0.026 0.006 0.023 0.029
0.5 -0.003 0.022 0.031 0.014 0.027 0.037
0.7 -0.003 0.022 0.031 0.017 0.028 0.039
0.9 -0.003 0.021 0.031 0.020 0.027 0.041
1.1 -0.003 0.020 0.030 0.021 0.027 0.041
1.3 -0.004 0.019 0.029 0.023 0.025 0.042
1.5 -0.004 0.018 0.028 0.025 0.024 0.043
Table 6.1: Coefficients of perturbative terms and nonperturbative parameters for S1/2 =
S[0.5, Eminℓ , 0, E
min
ℓ ].







1S λ1 λ2 λ1 Λ1S λ2 Λ1S
0 10.286 5.377 1.833 0.56 3.72 -1.00 1.88 0.21
0.5 10.249 5.296 1.801 0.55 3.77 -0.87 1.90 0.30
0.7 10.200 5.189 1.757 0.54 3.85 -0.67 1.95 0.42
0.9 10.133 5.040 1.689 0.53 4.00 -0.35 2.04 0.63
1.1 10.054 4.859 1.597 0.51 4.25 0.09 2.19 0.92
1.3 9.976 4.669 1.485 0.48 4.66 0.68 2.46 1.32
1.5 9.919 4.515 1.366 0.44 5.40 1.43 2.96 1.83
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
0 0.63 -0.72 0.76 0.21 0.85 0.50
0.5 0.67 -0.74 0.77 0.24 0.86 0.51
0.7 0.72 -0.77 0.78 0.29 0.87 0.55
0.9 0.81 -0.81 0.81 0.37 0.88 0.60
1.1 0.97 -0.84 0.85 0.50 0.91 0.67
1.3 1.22 -0.84 0.92 0.72 0.94 0.76
1.5 1.69 -0.72 1.05 1.10 0.98 0.89
1S αs
2 Contribution αs Contribution Combined O (ǫ)
Eminℓ ǫ Λ1S ǫ ǫ Λ1S ǫ ǫ Λ1S ǫ
0 -0.041 0.264 0.603 0.402 0.562 0.667
0.5 -0.041 0.261 0.483 0.225 0.443 0.485
0.7 -0.041 0.255 0.458 0.215 0.417 0.470
0.9 -0.041 0.248 0.432 0.216 0.391 0.464
1.1 -0.042 0.239 0.405 0.222 0.363 0.462
1.3 -0.045 0.229 0.380 0.236 0.335 0.465
1.5 -0.053 0.215 0.363 0.263 0.310 0.478
Table 6.2: Coefficients of perturbative terms and nonperturbative parameters for S3/2 =
S[1.5, Eminℓ , 0, E
min
ℓ ].







1S λ1 λ2 λ1Λ1S λ2 Λ1S
0 22.297 15.253 5.984 1.66 7.93 -1.88 5.00 1.62
0.5 22.189 15.00 5.856 1.64 8.11 -1.50 5.10 1.89
0.7 22.048 14.675 5.685 1.60 8.39 -0.94 5.28 2.28
0.9 21.857 14.222 5.438 1.54 8.88 -0.06 5.60 2.91
1.1 21.634 13.684 5.120 1.46 9.65 1.18 6.13 3.82
1.3 21.413 13.122 4.749 1.36 10.90 2.82 7.04 5.03
1.5 21.252 12.671 4.378 1.24 13.07 4.93 8.69 6.61
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
0 -0.89 -1.12 1.47 -0.89 2.23 1.41
0.5 -0.86 -1.25 1.50 -0.79 2.25 1.47
0.7 -0.80 -1.41 1.55 -0.63 2.28 1.55
0.9 -0.69 -1.63 1.63 -0.38 2.32 1.68
1.1 -0.50 -1.87 1.76 0.01 2.38 1.87
1.3 -0.16 -2.05 1.97 0.63 2.46 2.12
1.5 0.48 -2.00 2.30 1.64 2.57 2.44
1S αs
2 Contribution αs Contribution Combined O (ǫ)
Eminℓ ǫ Λ1S ǫ ǫ Λ1S ǫ ǫ Λ1S ǫ
0 -0.104 0.689 1.929 1.367 1.826 2.045
0.5 -0.103 0.679 1.425 0.596 1.321 1.275
0.7 -0.103 0.666 1.322 0.536 1.220 1.202
0.9 -0.104 0.647 1.227 0.526 1.124 1.173
1.1 -0.107 0.624 1.135 0.541 1.028 1.164
1.3 -0.115 0.596 1.051 0.578 0.937 1.174
1.5 -0.135 0.561 0.995 0.656 0.860 1.217
Table 6.3: Coefficients of perturbative terms and nonperturbative parameters for S2a =
S[2, Eminℓ , 0, E
min
ℓ ].
6.4 Lepton Energy Moments for Fit
Lepton energy moments appropriate for extracting Λ1S and λ1 from previous work [37]





+ Λ1S are as follows. The general moment is defined for the
lepton spectrum in an identical fashion to the general moment for the hadronic invariant
mass spectrum.
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1S λ1 λ2 λ1 Λ1S λ2 Λ1S
0 1.3920 -0.075 -0.02 0.00 -0.10 -0.21 -0.04 -0.05
0.5 1.4216 -0.074 -0.02 0.00 -0.10 -0.21 -0.04 -0.05
0.7 1.4611 -0.073 -0.02 0.00 -0.10 -0.20 -0.04 -0.05
0.9 1.5173 -0.073 -0.02 0.00 -0.10 -0.20 -0.04 -0.05
1.1 1.5884 -0.073 -0.02 0.00 -0.10 -0.19 -0.04 -0.05
1.3 1.6724 -0.074 -0.02 0.00 -0.10 -0.18 -0.04 -0.05
1.5 1.7674 -0.076 -0.02 0.00 -0.11 -0.17 -0.04 -0.05
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
0 -0.03 0.01 -0.02 -0.01 -0.03 -0.03
0.5 -0.03 0.01 -0.02 -0.01 -0.03 -0.03
0.7 -0.03 0.01 -0.02 -0.02 -0.03 -0.03
0.9 -0.04 0.01 -0.02 -0.02 -0.03 -0.03
1.1 -0.04 0.00 -0.02 -0.02 -0.02 -0.03
1.3 -0.04 0.00 -0.02 -0.02 -0.02 -0.03
1.5 -0.05 -0.01 -0.02 -0.03 -0.02 -0.03
1S αs
2 αs
3 β0 αs αs
2 β0 Combined Terms
Eminℓ ǫ Λ1S ǫ ǫ
2
BLM ǫ Λ1S ǫ ǫ
2
BLM ǫ Λ1S ǫ ǫ
2
BLM
0 0.004 0.001 0.006 -0.001 -0.001 -0.002 0.003 0.000 0.003
0.5 0.004 0.001 0.006 -0.001 -0.001 -0.003 0.003 0.000 0.002
0.7 0.004 0.001 0.006 -0.001 -0.001 -0.004 0.002 0.000 0.002
0.9 0.004 0.001 0.006 -0.002 -0.001 - 0.005 0.002 0.000 0.001
1.1 0.004 0.001 0.006 -0.002 -0.001 -0.006 0.001 0.000 0.000
1.3 0.004 0.001 0.006 -0.003 -0.001 -0.007 0.001 0.000 -0.001
1.5 0.004 0.001 0.006 -0.003 -0.001 -0.007 0.001 0.000 -0.001
Table 6.4: Coefficients of perturbative terms and nonperturbative parameters for R1 =
R[1, Eminℓ , 0, E
min
ℓ ].







1S λ1 λ2 λ1 Λ1S λ2 Λ1S
0 0.1804 -0.032 0.00 0.00 -0.05 -0.07 -0.01 -0.01
0.5 0.1542 -0.032 0.00 0.00 -0.05 -0.06 -0.01 -0.01
0.7 0.1280 -0.030 0.00 0.00 -0.05 -0.06 -0.01 -0.01
0.9 0.0988 -0.028 0.00 0.00 -0.05 -0.06 -0.01 -0.01
1.1 0.0705 -0.025 0.00 0.00 -0.05 -0.05 -0.01 -0.01
1.3 0.0458 -0.021 0.00 0.00 -0.05 -0.04 -0.01 -0.01
1.5 0.0261 -0.017 0.00 0.00 -0.04 -0.03 -0.01 -0.02
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
0 -0.04 -0.01 -0.01 -0.02 -0.01 -0.01
0.5 -0.04 -0.01 -0.01 -0.02 -0.01 -0.01
0.7 -0.04 -0.01 -0.01 -0.02 -0.01 -0.01
0.9 -0.04 -0.01 -0.01 -0.02 -0.01 -0.01
1.1 -0.04 -0.01 -0.01 -0.02 -0.01 -0.01
1.3 -0.04 -0.01 -0.01 -0.02 -0.01 -0.01
1.5 -0.04 -0.01 -0.01 -0.02 -0.01 -0.01
1S αs
2 αs
3 β0 αs αs
2 β0 Combined Terms
Eminℓ ǫ Λ1S ǫ ǫ
2
BLM ǫ Λ1S ǫ ǫ
2
BLM ǫ Λ1S ǫ ǫ
2
BLM
0 0.002 0.000 0.003 -0.002 0.000 -0.002 0.000 0.000 0.001
0.5 0.002 0.000 0.003 -0.002 -0.001 -0.001 0.000 0.001 0.001
0.7 0.002 0.000 0.003 -0.002 0.000 -0.001 0.000 0.000 0.002
0.9 0.001 0.000 0.002 -0.001 0.000 - 0.001 0.000 0.000 0.002
1.1 0.001 0.000 0.002 -0.001 0.000 -0.001 0.000 0.000 0.002
1.3 0.001 0.000 0.002 -0.001 0.000 -0.001 0.000 0.000 0.001
1.5 0.001 0.000 0.002 -0.001 0.000 0.000 0.000 0.000 0.001
Table 6.5: Coefficients of perturbative terms and nonperturbative parameters for V1 =
(R[2, Eminℓ , 0, E
min
ℓ ]−R[1, Eminℓ , 0, Eminℓ ]2).







1S λ1 λ2 λ1 Λ1S λ2 Λ1S
0 -0.0376 0.001 0.002 0.0 -0.01 0.02 0.0 0.01
0.5 -0.0207 0.0 0.002 0.0 -0.01 0.01 0.0 0.0
0.7 -0.0105 0.0 0.001 0.0 -0.01 0.01 0.0 0.0
0.9 -0.0036 -0.002 0.001 0.0 -0.01 0.01 0.0 0.0
1.1 -0.0001 -0.002 0.001 0.0 -0.01 0.0 0.0 0.0
1.3 0.0009 -0.002 0.0 0.0 -0.01 0.0 0.0 0.0
1.5 0.0009 -0.001 0.0 0.0 -0.01 0.0 0.0 0.0
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
0 -0.03 -0.01 0.0 -0.01 0.0 0.0
0.5 -0.03 -0.01 0.0 -0.01 0.0 0.0
0.7 -0.03 -0.01 0.0 -0.01 0.0 0.0
0.9 -0.03 -0.01 0.0 -0.01 0.0 0.0
1.1 -0.02 -0.01 0.0 -0.01 0.0 0.0
1.3 -0.02 -0.01 0.0 -0.01 0.0 0.0
1.5 -0.02 0.0 0.0 0.0 0.0 0.0
1S αs
2 αs
3 β0 αs αs
2 β0 Combined Terms
Eminℓ ǫ Λ1S ǫ ǫ
2
BLM ǫ Λ1S ǫ ǫ
2
BLM ǫ Λ1S ǫ ǫ
2
BLM
0 0.000 0.000 0.000 0.000 0.001 0.000 0.000 0.001 0.000
0.5 0.000 0.000 0.000 0.001 0.000 0.000 0.001 0.000 0.000
0.7 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.9 -0.008 0.000 0.000 0.007 0.001 0.000 -0.001 0.001 0.000
1.1 -0.007 0.000 0.000 0.005 0.000 0.000 -0.002 -0.001 0.000
1.3 -0.006 0.000 0.000 0.005 0.000 0.000 -0.001 0.001 0.000
1.5 -0.005 0.000 0.000 0.003 0.000 0.000 -0.002 0.000 0.000
Table 6.6: Coefficients of perturbative terms and nonperturbative parameters for V2 =<
(R[1, Eminℓ , 0, E
min
ℓ ]− < R[1, Eminℓ , 0, Eminℓ ] >)3 >.





1S λ1 λ2 λ1 Λ1S λ2 Λ1S
D1 0.5452 0.001 -0.003 -0.01 0.002 -0.02 0.00 -0.01
D2 1.7626 0.014 0.014 0.00 0.001 0.09 0.01 0.05
D3 0.5215 -0.011 -0.009 0.00 -0.002 -0.04 -0.01 -0.03
D4 0.6051 -0.015 -0.011 -0.003 -0.006 -0.04 -0.01 -0.03
Eminℓ ρ1 ρ2 τ1 τ2 τ3 τ4
D1 0.01 0.01 0.00 0.01 0.01 0.00
D2 -0.01 -0.02 0.00 -0.01 0.01 0.01
D3 0.01 0.01 0.00 0.00 0.00 0.00
D4 0.01 0.01 0.00 0.00 0.00 0.00
1S αs
2 αs
3 β0 αs αs
2 β0 Combined Contributions
Eminℓ ǫ Λ1S ǫ ǫ
2
BLM ǫ Λ1S ǫ ǫ
2
BLM ǫ Λ1S ǫ ǫ
2
BLM
D1 0.000 0.000 0.000 0.000 0.000 0.004 0.001 0.000 0.004
D2 -0.001 0.000 0.000 -0.001 -0.001 -0.012 -0.002 -0.001 -0.012
D3 0.000 0.000 0.000 0.000 0.000 0.003 0.000 0.000 0.003
D4 0.001 0.001 0.001 -0.001 -0.001 0.003 0.000 0.000 0.004
Table 6.7: Coefficients of the perturbative terms and nonperturbative parameters of the
lepton energy OPE Moments. Where D1 = S [0.2, 1.3, 1, 1], D2 = S [0.8, 1, 0.1, 1.3] ,
D3 = S [0.7, 1.6, 1.5, 1.5], D
4
d = S [2.4, 1, 1.9, 0.8] and D
5
e = S [2.9, 1.4, 2.2, 1.3].
Label Predicted Value Measured Value
D1 0.5459 ±0.0001 ǫ ± 0.0010(N.P.) -
D2 1.7585 ±0.006 ǫ ± 0.0036(N.P.) -
D3 0.5200 ±0.0001 ǫ ± 0.0014(N.P.) 0.5193 ± 0.0008
D4 0.6053 ±0.0002 ǫ ± 0.0018(N.P.) 0.6036 ± 0.0006
Table 6.8: Predictions and measurements for lepton energy OPE Testing Moments.
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